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Abstract

This manuscript summarizes a line of research that maps certain classi-
cal problems of discrete mathematics — such as the Hamiltonian Cycle
and the Traveling Salesman Problems — into convex domains where
continuum analysis can be carried out. Arguably, the inherent diffi-
culty of these, now classical, problems stems precisely from the discrete
nature of domains in which these problems are posed. The convexifi-
cation of domains underpinning the reported results is achieved by
assigning probabilistic interpretation to key elements of the original
deterministic problems.

In particular, approaches summarized here build on a technique
that embeds Hamiltonian Cycle and Traveling Salesman Problems in a
structured singularly perturbed Markov Decision Process. The unify-
ing idea is to interpret subgraphs traced out by deterministic policies
(including Hamiltonian Cycles, if any) as extreme points of a convex
polyhedron in a space filled with randomized policies.

The topic has now evolved to the point where there are many, both
theoretical and algorithmic, results that exploit the nexus between



graph theoretic structures and both probabilistic and algebraic enti-
ties of related Markov chains. The latter include moments of first
return times, limiting frequencies of visits to nodes, or the spectra of
certain matrices traditionally associated with the analysis of Markov
chains. Numerous open questions and problems are described in the
presentation.
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1

Embedding of a Graph in a Markov
Decision Process

1.1 Introduction

Arguably, the inherent difficulty of many problems of discrete mathe-
matics and combinatorial optimization stems, precisely, from the dis-
crete nature of the domains in which these problems are posed. This
manuscript is devoted to a line of research that maps such problems
into convex domains where continuum analysis can be easily carried
out. This convexification of domains is achieved by assigning proba-
bilistic interpretation to the key elements of the original problems even
though these problems are deterministic.

While there are probably other instances of similar ideas being
exploited elsewhere, our approach builds on the innovation introduced
in Filar and Krass [35] where the Hamiltonian Cycle and the Travel-
ing Salesman Problems were embedded in a structured singularly per-
turbed Markov Decision Process (MDP, for short). The unifying idea
of [35] was to interpret subgraphs traced out by deterministic policies
(including Hamiltonian Cycles, if any) as extreme points of a convex
polyhedron in a space filled with randomized policies.

1



2 Embedding of a Graph in a Markov Decision Process

This approach was continued by Chen and Filar [20]1 and, inde-
pendently, by Feinberg [32, 33]. Further results were obtained by Filar
and Liu [37], Andramonov et al. [7], Filar and Lasserre [36], Ejov et al.
[24, 25, 26, 27, 28, 29, 30, 31] and in Borkar et al. [16, 17]. Thus there
is now an active group of mathematicians in a number of countries
interested in this approach to discrete problems. Majority of these con-
tributions focused on the classical Hamiltonian Cycle Problem but,
in principle, many of the techniques used could be adapted to other
problems of discrete mathematics (as, indeed, was done by Feinberg
in [33]).

The essence of the Hamiltonian Cycle Problem (HCP, for short)
is contained in the following — deceptively simple — single sentence
statement: given a graph on N nodes, find a simple cycle that con-
tains all vertices of the graph (Hamiltonian Cycle (HC)) or prove that
HC does not exist. The HCP is known to be NP-hard and has become
a challenge that attracts mathematical minds both in its own right
and because of its close relationship to the famous Traveling Sales-
man Problem (TSP). An efficient solution of the latter would have an
enormous impact in operations research, optimization, and computer
science. However, from a mathematical perspective the underlying diffi-
culty of the TSP is, perhaps, hidden in the Hamiltonian Cycle Problem.
Hence we focus on the latter.

Just to indicate the flavor of the results reported in this survey,
consider a key observation that led to the recent results presented in
Borkar et al. [16, 17]. Namely, that: the “correct” convex domain where
Hamiltonian Cycles should be sought, is the set DS of doubly stochastic
matrices2 induced by a given graph.

The above observation is nearly obvious, once we recall the famous
(and nonobvious) Birkhoff-von Neumann Theorem which states that
the set of all N × N doubly stochastic matrices is the convex hull of
permutation matrices. Of course, in searching for a Hamiltonian Cycle
of a given graph we need to restrict ourselves to the convex hull of
only those permutation matrices that correspond to subgraphs of that

1 Despite the fact that [20] appeared before [35], the latter preceded [20].
2 A square nonnegative matrix is doubly stochastic if both its row-sums and column-sums
are equal to 1.
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graph. Results in [16, 17] imply that after a suitable perturbation and
defining the random variable

τ1 := the first hitting time of the home node 1 (after time 0),

the Hamiltonian Cycle Problem essentially reduces to “merely” mini-
mizing the variance-like functional

E[(τ1 − N)2]

over the space DS. This probabilistic, almost statistical, interpretation
should permit us to bring to bear a wide range of both analytical and
algorithmic tools on the HCP.

Thus the theoretical aim of this line of research is to explain the
essential difficulty of the Hamiltonian Cycle Problem — that is, its NP-
hardness — in analytic terms such as a measure of variability, or the
size of a gap between certain optimization problems, or by the nature
of certain singularities.

The algorithmic aim of these studies is to construct a gen-
eral purpose heuristic algorithm for the HCP and is based on the
belief that some classical “static” optimization problems can be ana-
lyzed by embedding them in suitably constructed Markov Decision
Processes.

In our setting, the theoretical and algorithmic aims are not separate.
Indeed, results on one of these aims seem to influence progress on the
other. For instance, the heuristic algorithm in Ejov et al. [24] follows
directly from [35] and [20] but has identified difficulties that some of
the theoretical developments in [16] are trying to resolve.

The general approach constitutes one of the few instances where
probabilistic, continuous optimization and dynamic control methods
are combined to deal with a hard problem of discrete mathemat-
ics. Arguably, simulated annealing could be seen as a precursor of
this approach. However, it should be mentioned that relationships
between Markov chains and graphs are also of recent interest to other
researchers; notably Aldous and Fill [4] and Hunter [44].

Many of the successful classical approaches of discrete optimization
to the HCP and TSP focus on solving a linear programming “relax-
ation” followed by heuristics that prevent the formation of sub-cycles
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(e.g., see Lawler et al. [52]). In the present approach, we embedded a
given graph in a singularly perturbed MDP in such a way that we can
identify Hamiltonian Cycles with irreducible Markov chains and sub-
cycles with non-exhaustive ergodic classes. This permitted a search for
a Hamiltonian Cycle in the frequency space of an MDP that is a poly-
tope with a nonempty interior, thereby converting the original discrete
problem to a continuous one.

Next we shall, briefly, differentiate between our approach and some
of the best known, well established, approaches to the HCP.

We first note that the present line of research is essentially different
from that adopted in the study of random graphs where an underlying
random mechanism is used to generate a graph (eg., see Karp’s seminal
paper [47]). In our approach, the graph that is to be studied is given
and fixed but a controller can choose arcs according to a probability
distribution and with a small probability (due to a perturbation) an
arc may take you to a node other than its “head.” Of course, ran-
dom graphs played an important role in the study of Hamiltonicity,
a striking result to quote is that of Robinson and Wormald [62] who
showed that with high probability k-regular graphs3 are Hamiltonian
for k ≥ 3.

Typical general purpose heuristic algorithms can, perhaps, be clas-
sified (we cite only few representative papers) as rotational trans-
formation algorithms Posa [60], cycle extension Bollobas et al. [14],
long path algorithms [50], low degree vertices algorithms Broder
et al. [18], Brunacci [19], multipath search Kocay and Li [50], and
pruning algorithms Christofides [21]. Of course, much research has
been done on algorithms for finding a Hamiltonian Cycle on vari-
ous restricted graph classes (e.g., see Parberry [58]). Clearly, algo-
rithms designed for particular classes of graphs tend to outperform
the best general purpose algorithms when applied to graphs from these
classes.

Finally, the reported results open up many natural directions for
further investigation. The recently implemented heuristic interior-point
algorithm (see Ejov et al. [24] and Section 3.2) is based on the cited

3 Namely, graphs where the in-degree and the out-degree at every node is equal to k.
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stochastic embedding and is performing competitively with alterna-
tive — general purpose — algorithms on various test problems includ-
ing the “Knight’s tour” problem on chessboards of the size up to
32 × 32. See also the “Branch and Fix” heuristics of Sections 3.4
and 3.5.

1.2 A Graph and A Markov Decision Process

Consider a directed graph G with the node set S and the arc set A.
We can associate a Markov Decision Process Γ with the graph G as
follows:

• The set of N nodes is the finite state space S = {1,2, . . . ,N}
and the set of arcs in G is the total action space A =
{(i, j), i, j ∈ S} where, for each state (node) i, the action
space is the set of arcs (i, j) emanating from this node and
will be denoted by A(i).

•
{
p(j|i,a) = δaj |a = (i, j) ∈ A(i), i, j ∈ S

}
, where δaj the Kro-

necker delta, is the set of (one-step) transition probabilities.
Note that, we are adopting the convention that a equals to
both arc (i, j) and its “head” j, whenever there is no possi-
bility of confusion as to the “tail” i.

A stationary policy f in Γ is a set of N probability vectors f(i) =
(f(i,1),f(i,2), . . . ,f(i,N)), where f(i,k) denotes the probability of
choosing an action k (arc emanating from i to k) whenever state
(node) i is visited. Of course,

∑N
k=1 f(i,k) = 1 and if the arc (i,k) /∈

A(i), then f(i,k) = 0. Equivalently, it will be sometimes conve-
nient to represent a policy f as an N × N matrix whose (i,k)th
entry is f(i,k). The set of all stationary policies will be denoted
by F .

A deterministic policy f is simply a stationary policy that selects a
single action with probability 1 in every state (hence, all other available
actions are selected with probability 0). That is, f(i,k) = 1 for some
(i,k) ∈ A(i). For convenience, we will write f(i) = k in this case. The
set of all deterministic policies will be denoted by D.
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It is easy to check that any stationary policy f ∈ F induces a prob-
ability transition matrix

P (f) =
[
p(j|i,f)

]
, i, j = 1, . . . ,N,

where for all i, j ∈ S

p(j|i,f) =
N∑

a=1

p(j|i,a) f(i,a).

In the above summation, we assume that p(j|i,a) = 0 if the arc
(i,a) /∈ A.

A doubly stochastic policy f ∈ F is one which induces a probability
transition matrix P (f) that is doubly stochastic; namely all of its rows
and columns sum to unity. The set of all doubly stochastic policies will
be denoted by DS. It should be clear from the construction that

DS ⊆ F .

Assume now that 1 is the initial state (home node). We shall say that
a deterministic policy f in Γ is a Hamiltonian Cycle (HC) (or sim-
ply “is Hamiltonian”) in G if the sub-graph Gf with the set of arcs{
(1,f(1)),(2,f(2)), . . . ,(N,f(N))

}
is a HC in G.

If an analogous sub-graph Gf induced by a deterministic policy f

contains cycles of length less than N , say m, we say that f has an
m-sub-cycle.

However, such a straightforward identification of G with Γ leads to
an inevitable difficulty of confronting multiple ergodic classes induced
by various deterministic policies.

Note that if f ∈ DS ∩ D, then the Markov chain induced by f cor-
responds to either a Hamiltonian Cycle or to a policy tracing out a
union of disjoint sub-cycles in the graph G.

Example 1.1. All of the above can be illustrated on a complete graph
G4 on 4 nodes (without self-loops) in Figure 1.1. A policy f1 such
that f1(1) = 2, f1(2) = 3, f1(3) = 4, and f1(4) = 1 induces a sub-graph
Gf1 =

{
(1,2),(2,3),(3,4),(4,1)

}
that is a Hamiltonian Cycle. Policy f1
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Fig. 1.1 Complete graph G4.

also induces a Markov chain with the probability transition matrix

P (f1) =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0


that has a single ergodic class containing all four states. A policy f2 such
that f2(1) = 2, f2(2) = 1, f2(3) = 4, and f2(4) = 3 induces a sub-graph
Gf2 =

{
(1,2),(2,1),(3,4),(4,3)

}
which contains two 2-sub-cycles (see

Figure 1.2). Policy f2 also induces a Markov chain with the probability
transition matrix

P (f2) =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,

which has two ergodic classes corresponding to the sub-cycles of Gf2 .

Fig. 1.2 Sub-graph Gf2 .
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Of course, randomized stationary policies can be regarded as convex
combinations of deterministic policies. For instance, if in this example
we take a policy f3 that is a set of 4 probability vectors

f3(1) = (f3(1,2),f3(1,3),f3(1,4)) = (1,0,0),

f3(2) = (f3(2,1),f3(2,3),f3(2,4)) = (0.8,0.2,0),

f3(3) = (f3(3,1),f3(3,2),f3(3,4)) = (0,0,1), and

f3(4) = (f3(4,1),f3(4,2),f3(4,3)) = (0.2,0,0.8),

then it is clear that f3 = 0.2f1 + 0.8f2 which induces the Markov chain
probability transition matrix

P (f3) = 0.2P (f1) + 0.8P (f2) =


0 1 0 0

0.8 0 0.2 0
0 0 0 1

0.2 0 0.8 0

 .

1.2.1 Classification of Deterministic Policies

We shall now describe a useful partition ofD that is based on the graphs
“traced out” in G by deterministic policies. As above, with each f ∈ D
we associate a sub-graph Gf of G defined by

(i, j) ∈ Gf ⇐⇒ f(i) = j.

We shall also denote a simple cycle of length m and beginning at 1 by
a set of arcs

c1
m =

{
(i1 = 1, i2),(i2, i3), . . . ,(im, im+1 = 1)

}
, m = 2,3, . . . ,N.

Note that c1
N is a HC. If Gf contains a cycle c1

m, we write Gf ⊃ c1
m. Let

C1
m :=

{
f ∈ D|Gf ⊃ c1

m

}
,

namely, the set of deterministic policies that trace out a simple cycle
of length m, beginning at node 1, for each m = 2,3, . . . ,N . Of course,
C1

N is the (possibly empty) set of policies that correspond to HCs and
any single C1

m can be empty depending on the structure of the original
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Fig. 1.3 A typical policy f in C1
m.

graph G. Thus, a typical policy f ∈ C1
m traces out a graph Gf in G

that might look as Figure 1.2 where the dots indicate the “immaterial”
remainder of Gf in the sense that it corresponds to states/nodes that
will never be observed if the process begins at node 1 and the policy
f is adhered to. The broken arrows indicate a sequence of one or more
arcs (Figure 1.3). We now introduce the partition of the deterministic
policies of the form:

D =

[
N⋃

m=2

C1
m

]⋃
Nc,

where Nc contains all deterministic policies that are not in any of the
C1

ms. A typical policy f ∈ Nc traces out a sub-graph Gf in G as in
Figure 1.4, where the dots again denote the immaterial part of Gf . We
shall call policies in Nc noose cycles. For many operations related to
Markov chains induced by deterministic policies properties of interest
to us will be invariant under permutations of states/nodes that leave
the home node unchanged. Thus unless stated otherwise, and without
loss of generality, it is sufficient to consider only fm ∈ C1

m tracing out
the graph in Figure 1.5 as the representative of the whole class C1

m and
also, fk

m ∈ Nc that traces out Figure 1.6 as the representative of the
entire class Nc.

Fig. 1.4 A typical policy f in Nc.
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Fig. 1.5 A representative fm of the whole class C1
m.

Fig. 1.6 A representative fk
m of the whole class Nc.

1.3 Perturbed Embedding Γε

We have seen that the direct embedding of G in Γ, in general, induces a
multi-chain ergodic structure. This and some other technical difficulties
would vanish if we force the MDP to be unichain. The latter is a Markov
Decision Process in which every stationary policy induces a Markov
chain containing only a single ergodic class plus a (possibly empty) class
of transient states. A completely ergodic MDP is a unichain MDP in
which the class of transient states is empty no matter which stationary
policy induces the Markov chain.

There are many possible ways of perturbing the MDP Γ discussed
in the preceding section to obtain a parameterized family of perturbed
unichain or completely ergodic MDP’s Γε, where ε ∈ (0,1) will be called
the perturbation parameter. However, all these perturbations share the
characteristic of altering the ergodic structure of Markov chains induced
by various stationary policies. Hence, they are so-called singular
perturbations.

The question of what constitutes the “best” perturbation is poten-
tially very interesting if the notion of optimality for such perturbations
were formalized. In the results reported here three (generic) perturba-
tions were considered.

1.3.1 The Symmetric Linear Perturbation

This is achieved by passing to a singularly perturbed MDP Γs
ε, that

is obtained from Γ by introducing perturbed transition probabilities
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{pε(j|i,a)| (i, j) ∈ A, i, j ∈ S}, where for any ε ∈
(
0, 1

N−1

)
pε(j|i,a) :=

{
1 − (N − 1)ε if a = j,

ε if a 6= j.

Note that this perturbation ensures that every f ∈ D induces a Markov
chain with a completely ergodic transition probability matrix Pε(f)
whose dominant terms coincide with the 1-entries of the corresponding
unperturbed probability transition matrix P (f) that the same policy
f induces in Γ.

For instance, if in the example of the preceding section we consider
the policy f2 that traces out the two sub-cycles depicted in Figure 1.2,
it is clear that in Γs

ε the same policy induces the probability transition
matrix

Pε(f2) =


ε 1 − 3ε ε ε

1 − 3ε ε ε ε

ε ε ε 1 − 3ε

ε ε 1 − 3ε ε

 ,

where, for instance, the second entry in the first row can be formally
derived as

pε(2|1,f2) =
∑

a∈A(1)

pε(2|1,a)f2(1,a) = pε(2|1,2)f2(1,2) = 1 − 3ε.

Of course, Pε(f2) now has only a single ergodic class and no transient
states. The latter is a desirable property but comes at a price of replac-
ing a sparse probability transition matrix with one that is “dense,” in
the sense of not having any zero entries.

The above symmetric linear perturbation has been used in [16]
and [17] where a perturbation was needed that also preserved double-
stochasticity of a probability transition matrix.

1.3.2 The Asymmetric Linear Perturbation

In the sequence of papers that launched this topic (e.g., [20], [35],
and [37]) an asymmetric linear perturbation was used. Its goal was
not only to eliminate multiple ergodic classes but also to differentiate
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the home node from all other nodes and to maintain the sparsity
of probability transition matrices induced by deterministic policies.
This was achieved by passing to a singularly perturbed MDP Γa

ε , that
is obtained from Γ by introducing perturbed transition probabilities{
pε(j|i,a)

∣∣ (i, j) ∈ A, i, j ∈ S
}
, where for any ε ∈ (0,1)

pε(j|i,a) :=



1 if i = 1 and a = j,

0 if i = 1 and a 6= j,

1 if i > 1 and a = j = 1,

ε if i > 1, a 6= j and j = 1,

1 − ε if i > 1, a = j and j > 1,

0 if i > 1, a 6= j and j > 1.

Note that 1 denotes the home node. For each pair of nodes i, j (not
equal to 1) corresponding to a (deterministic) arc (i, j), our pertur-
bation replaces that arc by a pair of “stochastic arcs” (i,1) and (i, j)
(see Figure 1.7) with weights ε and 1 − ε, respectively. This stochastic
perturbation has the interpretation that a decision to move along arc
(i, j) results in movement along (i, j) only with probability of (1 − ε)
and with probability ε it results in a return to the home node 1. We
emphasize that the perturbation is chosen to ensure that the Markov
chain defined by Pε(f) contains only a single ergodic class. On the other
hand, the ε-perturbed process Γε clearly “tends” to Γ as ε→ 0, in the
sense that Pε(f)→ P0(f) for every stationary policy f .

For instance, if in the example of the preceding section we consider
the policy f2 that traces out the two sub-cycles depicted in Figure 1.2,

Fig. 1.7 Perturbation of a deterministic action (arc).
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it is clear that in Γa
ε the same policy induces the probability transition

matrix

Pε(f2) =


0 1 0 0
1 0 0 0
ε 0 0 1 − ε

ε 0 1 − ε 0


that still has only a single ergodic class, but now has a nonempty class
{3,4} containing the two transient states created by this perturbation.

1.3.3 The Asymmetric Quadratic Perturbation

Of course, there are situations where the presence of transient states
is undesirable. For that reason, in [29] and [24] the asymmetric per-
turbation was modified slightly by introducing a quadratic (in ε) term.
This was achieved by passing to a singularly perturbed MDP Γq

ε, that
is obtained from Γ by introducing perturbed transition probabilities{
pε(j|i,a)

∣∣ (i, j) ∈ A, i, j ∈ S
}
, where for any ε ∈

(
0, 1√

N−2

)

pε(j|i,a) :=



1 − (N − 2)ε2 if i = 1 and a = j,

ε2 if i = 1 and a 6= j > 1,

1 if i > 1 and a = j = 1,

ε if i > 1, a 6= j and j = 1,

1 − ε if i > 1, a = j and j > 1,

0 if i > 1, a 6= j and j > 1.

In this instance, in the example of the preceding section we consider
the policy f2 that traces out the two sub-cycles depicted in Figure 1.2,
it is clear that in Γq

ε the same policy induces the probability transition
matrix

Pε(f2) =


0 1 − 2ε2 ε2 ε2

1 0 0 0
ε 0 0 1 − ε

ε 0 1 − ε 0

 ,
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which now has a single ergodic class and no transient states. The fact
that this perturbation preserves much of the sparsity of P (f) is easier
to see in examples of higher dimensions.

Remark 1.1. It should be clear that the above perturbations link this
topic with the well developed field of analytic perturbations of operators
and Markov chains. The treatise by Kato [48] is the seminal reference
for the latter topic. However, some of the techniques used here are,
perhaps, somewhat more in the spirit of the recent developments such
as those reported in Avrachenkov et al. [9, 10]. More particularly, in the
context of perturbation and sensitivity analysis of MDP’s the papers
by Schweitzer [65, 66] and Veinott [68] are quite relevant to the results
reported here.

1.4 Background from Markov Chains and MDPs

As before, let f ∈ F be a stationary policy and P (f) be the correspond-
ing probability transition matrix. By P ∗(f) we denote its stationary
distribution matrix, that is defined as the limit Cesaro-sum matrix

P ∗(f) := lim
T→∞

1
T + 1

T∑
t=0

P t(f), P 0(f) = I,

where I is an N × N identity matrix. It is well known (e.g., see [13])
that the above limit exists and satisfies the identity

P (f)P ∗(f) = P ∗(f)P (f) = P ∗(f)P ∗(f) = P ∗(f). (1.1)

An important special case arises when the Markov chain correspond-
ing to P (f) contains only a single ergodic class. In this case, P ∗(f)
consists of identical rows, each of which will be denoted by π(f) =
(π1(f),π2(f), . . . ,πN (f)), where

∑N
i=1 πi(f) = 1. Hence, π(f) consti-

tutes a probability vector that is often called the stationary or invari-
ant distribution of such a Markov chain. It follows from the preceding
identity that π(f) is a solution of the linear system of equations:

π(f)P (f) = π(f); π(f)1 = 1, (1.2)
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where 1 := (1,1, . . . ,1)T . Indeed, π(f) is the unique solution of (1.2).
An even more special but also extremely important case is that of

an irreducible Markov chain, where P (f) contains only a single ergodic
class and no transient states. In this case, the invariant distribution vec-
tor π(f) is still the unique solution of (1.2) and possesses the additional
useful property that πi(f) > 0 ∀i = 1,2, . . . ,N.

Another two very important matrices associated with the probabil-
ity transition matrix P (f) of a Markov chain induced by a policy f ∈ F
are the fundamental matrix G(f) that is defined by

G(f) :=
(
I − P (f) + P ∗(f)

)−1 = lim
β→1−

∞∑
t=0

βt(P (f) − P ∗(f))t, (1.3)

and the closely related deviation matrix

D(f) := G(f) − P ∗(f). (1.4)

The following identities are well known (e.g., see [13, 45, 49, 61])

D(f)P ∗(f) = P ∗(f)D(f) = 0, (1.5)

where the 0 on the right-hand side above is an N × N matrix with 0s

in all entries, and

(I − P (f))D(f) + P ∗(f) − I = D(f)(I − P (f)) + P ∗(f) − I

= P ∗(f), (1.6)

D(f)1 = 0 & G(f)1 = 1, (1.7)

where 1 and 0 are N -vectors consisting entirely of 1s and 0s,
respectively.

Another matrix, also induced by any policy f ∈ F , that plays an
important role in the theory of Markov Decision Processes is the
resolvent-like matrix

[I − βP (f)]−1 =
∞∑

t=0

βtP t(f), (1.8)

where the parameter β ∈ [0,1), is frequently called the discount factor.
Note that this choice of the domain for β ensures that the spectral
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radius of βP (f) is strictly less than 1, thereby guaranteeing the exis-
tence of the above inverse and the power series expansion.

In a traditional, Markov Decision Process setting, there is also a
reward or a cost, denoted by r(i,a), associated with each state i and
action a. The interpretation is that this is the reward/cost associated
with action a if that action is selected in state i. However, if actions
are being selected in accordance with a stationary policy f ∈ F , then
the “lottery” on the actions available in state i is prescribed by f and
hence the expected reward in that state is given by

r(i,f) :=
N∑

a=1

r(i,a)f(i,a), i ∈ S. (1.9)

This immediately defines the expected reward/cost vector, r(f),
induced by f the transpose of which is defined by

rT (f) := (r(1,f), r(2,f), . . . , r(N,f)). (1.10)

There are now two well-known MDP’s that have been extensively stud-
ied in the literature (e.g., see [61] and [38]). They are differentiated by
the manner of aggregating the infinite stream of expected rewards/costs
induced by a policy4 f . The first of these is the so-called limiting (or
long-run) average process (AMD, for short) where the performance of
the policy f is defined by the value vector

v(f) := P ∗(f)r(f), (1.11)

whose entries v(i,f) := [P ∗(f)r(f)]i for each i ∈ S are simply the long-
run average expected rewards induced by f when the process begins in
state i.

Analogously, the second process is the so-called discounted Markov
Decision Process (DMD, for short) where the performance of the policy

4 Note that in the theory of MDP’s policies can be more general than the stationary policies

introduced here. For instance, they may depend on past histories of states and actions.
However, for our purposes stationary policies suffice.



1.4 Background from Markov Chains and MDPs 17

f is defined by the value vector

vβ(f) := [I − βP (f)]−1r(f), (1.12)

whose entries vβ(i,f) := {[I − βP (f)]−1r(f)]}i for each i ∈ S are sim-
ply the discounted expected rewards induced by f when the process
begins in state i.

The optimization problems normally associated with the AMD and
DMD processes, respectively, are

max
f∈F

v(f), and max
f∈F

vβ(f), (1.13)

where the maximization is taken componentwise in the above
expressions.

The above optimization problems are well understood and, for most
purposes, completely solved. In particular, it is a remarkable fact that
in each case there exist deterministic policies f0,f0

β ∈ D that, respec-
tively, attain the maxima in (1.13), componentwise. Furthermore, if β is
sufficiently near 1, there exists a deterministic policy that is simultane-
ously optimal for both the AMD and DMD processes. While many out-
standing researchers contributed to this topic Blackwell’s 1962 paper
(see [13]) is, perhaps, the authoritative reference. There are also many
treatments of this problem in text books (e.g., see [23, 38, 61]).

Remark 1.2. In our embedding of the Hamiltonian Cycle Problem
in Markov Decision Processes, in most instances, we use rewards/costs
only to differentiate the home node 1 from the other nodes. For that
purpose it is sufficient to assume that r(i,a) ≡ 0 for all actions/arcs
emanating from nodes other than the home node, and that r(1,a) ≡ 1
for all actions/arcs emanating from the home node 1. Hence, unless
explicitly stated otherwise, we shall assume that

rT (f) = eT
1 = (1,0, . . . ,0), ∀f ∈ F .

Remark 1.3. The above notation was developed for the unperturbed
MDP Γ, however, whenever we use one of the previously defined
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ε-perturbed MDP’s, we shall simply add a subscript ε to the relevant
quantity. For instance, the probability transition, stationary distri-
bution and fundamental matrices P (f), P ∗(f), G(f) are replaced by
Pε(f), P ∗ε (f), Gε(f), where ε > 0 is the perturbation parameter. Sim-
ilar indexing by ε will also apply to other quantities. When the choice
of the type of perturbation used is clear from context, the perturbed
MDP will be denoted simply by Γε.



2

Analysis in the Policy Space

2.1 HCP and Minimal Variance of Hitting Times

Throughout this section (based on results derived in Borkar et al.
[16, 17]) we use the, previously introduced, symmetric linear pertur-
bation of the Markov Decision Process; namely Γs

ε. Any given policy
f ∈ F determines the probability distribution of the random variable
τ1 denoting the first hitting time of node 1. Consequently, Ef

1 (τ1) is
the mean recurrence time for node 1, that is, the expected number of
steps required to return to node 1 for the first time. Similarly, Ef

i (τ1)
will denote the mean first passage time from node i to node 1, that is,
the expected number of steps to reach node 1 from node i, i = 2, . . . ,N .
Finally, Varf

i (τ1) will denote the variance of τ1, the first hitting time of
node 1 from node i, under the probability distribution induced by the
policy f .

Since the symmetric linear perturbation applied to f ∈ DS preserves
double stochasticity and ensures irreducibility of Pε(f), the correspond-
ing stationary distribution matrix P ∗ε (f) = 1

N J, where J is an N × N

matrix with 1 in every entry. Of course, this implies that Ef
1 (τ1) = N.

Most of this section is devoted to demonstrating that — in the case
of symmetric linear perturbation — the Hamiltonian Cycle Problem is

19
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equivalent to the variance minimization problem

min
f∈DS

Varf
1(τ1), (2.1)

provided that the perturbation parameter ε > 0 and is sufficiently
small.

Before presenting a more rigorous argument, we note that such a
result is intuitively reasonable when we consider the possible variabil-
ity of τ1 — as captured by its variance Varf

1(τ1) = Ef
1 [(τ1 − N)2], for

f ∈ DS — for both Hamiltonian and non-Hamiltonian policies. In the
former case, it is clear that this variance can be made nearly zero by
following a Hamiltonian Cycle because that policy would yield a vari-
ance actually equal to zero were it not for the (small) perturbation ε.
However, if the policy f is non-Hamiltonian, it is “likely” to be either
tracing out short cycles (of length less than N) before returning to
node 1, or getting trapped for a long time in some ergodic class not
containing node 1. Both of these effects would increase the variability
of τ1.

Of course, if the interpretation of the HCP as a variance minimiza-
tion problem is to be useful a formula for evaluating this variance is
needed. The next result (see also [16]) shows that, for a doubly stochas-
tic policy, such a variance is closely related to the top left hand corner
element of the fundamental matrix induced by that policy. It also sup-
plies a more direct, but also more complex, expression for calculating
this variance.

Proposition 2.1. Consider f ∈ DS and the induced perturbed prob-
ability transition matrix Pε(f) as well as the associated fundamental
matrix Gε(f). The top left element g11(f) of Gε(f) can be evaluated as

g11(f) =
1

N2

N∑
i

Ef
i [τ1] (2.2)

=
N + 1
2N

+
1

2N2
Ef

1 [(τ1 − N)2] (2.3)

=
N + 1
2N

+
1

2N2

{
[(I + P̂ε(f))(I − P̂ε(f))−3Pε(f)]11 − N2

}
,

(2.4)
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where P̂ε(f) is Pε(f) with the elements in the first column replaced by
zeroes.

Outline of Proof. For notational simplicity we suppress the depen-
dence on the policy f and the permutation parameter ε of most of
the quantities of interest; for instance gij will denote the (ij)th entry
of the fundamental matrix Gε(f). By Theorem 11.15 of the Grin-
stead and Snell book [41], we have the mean recurrence time E1(τ1) =
1/π1 = 1/(1/N) = N , and by Theorem 11.16 in page 459 of the same
book, we have the mean first passage time Ei(τ1) = (g11 − gi1)/π1 =
N(g11 − gi1). Therefore,

N∑
i

Ei(τ1) = N +
N∑

i=2

N(g11 − gi1) = N + N(N − 1)g11 − N

N∑
i=2

gi1

= N + N(N − 1)g11 − N(1 − g11) = N2g11,

with the second last equality obtained by the fact that every
row/column of a fundamental matrix sums to unity (e.g., see (1.5)–
(1.7)). Hence (2.2) holds.

Let Xm be a random variable representing the current node after
m steps,

1
N2

N∑
i=1

Ei[τ1] =
1

N2
E1

[
τ1−1∑
m=0

EXm [τ1]

]
=

1
2N2

E1[τ1(τ1 + 1)]

using Theorem 5.3.4 of [15] and the occupation measure identity in [59]
for the first and second equalities, respectively.

Hence,

g11 =
1

2N2
E1[τ1(τ1 + 1)]

=
1

2N2
{E1[(τ1 − E1(τ1))2] + E2

1(τ1) + E1(τ1)}

=
1
2

N + 1
N

+
1

2N2
E1[(τ1 − N)2],

and we obtain (2.3).
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For (2.4), we need to show that E1(τ2
1 ) = [(I + P̂ )(I − P̂ )−3P ]11.

First, we have

P (τ1 = k|X0 = 1)

= P (Xk = 1,Xi 6= 1, i = 1, . . . ,k − 1|X0 = 1)

=
N∑

j=2

P (Xk = 1,Xk−1 = j,Xi 6= 1, i = 1, . . . ,k − 2|X0 = 1)

=
N∑

j=2

P (Xk = 1|Xk−1 = j,Xi 6= 1, i = 1, . . . ,k − 2,X0 = 1)

×P (Xk−1 = j,Xi 6= 1, i = 1, . . . ,k − 2|X0 = 1)

=
N∑

j=2

[
P̂ k−1

]
1j

Pj1 =
[
P̂ k−1P

]
11

.

The reader is invited to check that this leads to

E1(τ2
1 ) =

∞∑
k=1

k2P (τ1 = k|X0 = 1) =
∞∑

k=1

k2[P̂ k−1P ]11

= [(I + P̂ )(I − P̂ )−3P ]11

since the spectral radius ρ(P̂ ) < 1, and (2.4) follows. 2

In view of the discussion leading up to (2.1) and Equation (2.3)
above it is now clear that the problem of minimizing the variance of
τ1 is also equivalent to minimizing the top left-hand entry, gε

11(f) :=
[Gε(f)]11, of the fundamental matrix induced by a doubly stochas-
tic policy. That is, the Hamiltonian Cycle Problem is essentially the
same as

min
f∈DS

[gε
11(f)] = min

f∈DS

[
1
2

N + 1
N

+
1

2N2
Ef

1 [(τ1 − N)2]
]
, (2.5)

provided that the perturbation parameter ε > 0 and is sufficiently
small.

It is now possible to explicitly calculate the top left-hand corner
element of the fundamental matrix induced by a Hamiltonian policy
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fh. This was done in [16], by a direct computation, and is summarized
in the next lemma.

Lemma 2.2. For a Hamiltonian policy fh the value gε
11(fh) :=

[Gε(fh)]11 does not depend on the particular Hamiltonian Cycle
represented by fh and equals

gε
11(fh) = [Gε(fh)]11 =

1
N

+
N2ε − 1 + (1 − Nε)N

N2ε(1 − (1 − Nε)N )
.

Moreover, the initial terms of the Taylor expansion of gε
11(fh) are

gε
11(fh) =

1
2

(
1 + N

N

)
+

1
12
(
N2 − 1

)
ε +

1
24
(
N(N2 − 1)

)
ε2 + O(ε3).

It follows that for any Hamiltonian policy

Varfh
1 (τ1) = 2N2

(
gε
11(fh) − 1

2

(
1 + N

N

))
= O(ε).

The above formulae can be easily verified in the case of the following
example.

Example 2.1. Let fh be the standard HC on four nodes: 1→ 2→
3→ 4→ 1. This Hamiltonian Cycle induces the perturbed probability
transition matrix Pε(fh) of the form:

Pε(fh) =


ε 1 − 3ε ε ε

ε ε 1 − 3ε ε

ε ε ε 1 − 3ε

1 − 3ε ε ε ε

 .

Since P ∗ε (fh) = 1/4J , the matrix needed to calculate the fundamental
matrix induced by fh is

I − Pε(fh) +
1
4
J =


5/4 − ε −3/4 + 3ε −ε + 1/4 −ε + 1/4
−ε + 1/4 5/4 − ε −3/4 + 3ε −ε + 1/4
−ε + 1/4 −ε + 1/4 5/4 − ε −3/4 + 3ε

−3/4 + 3ε −ε + 1/4 −ε + 1/4 5/4 − ε

 .
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And, hence, the fundamental matrix is obtained as

Gε(fh) =

�
I − Pε(fh) +

1

4
J

�−1

=

2
666666664

1
8
−5+20ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−3+20ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−1+12ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8

1−4ε−8ε2+32ε3

6ε−1+16ε3−16ε2

1
8

1−4ε−8ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−5+20ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−3+20ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−1+12ε−40ε2+32ε3

6ε−1+16ε3−16ε2

1
8
−1+12ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8

1−4ε−8ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−5+20ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−3+20ε−40ε2+32ε3

6ε−1+16ε3−16ε2

1
8
−3+20ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−1+12ε−40ε2+32ε3

6ε−1+16ε3−16ε2
1
8

1−4ε−8ε2+32ε3

6ε−1+16ε3−16ε2
1
8
−5+20ε−40ε2+32ε3

6ε−1+16ε3−16ε2

3
777777775
.

The left-hand corner value of the fundamental matrix
1
8
−5 + 20ε − 40ε2 + 32ε3

6ε − 1 + 16ε3 − 16ε2
=

5
8

+ O(ε)

agrees with the formula in Lemma 2.2.

The preceding discussion makes it plausible that whenever the
underlying graph G is Hamiltonian, the minimum of gε

11(f) over DS is
given by

gε
11(fh) = min

f∈DS
[gε

11(f)] =
1
2

N + 1
N

+ O(ε), (2.6)

where fh is a policy defining any Hamiltonian Cycle in the graph.
A proof that this is, indeed, the case can be found in [17].

The remainder of this section is devoted to an argument explaining
an equally interesting fact that, for ε > 0 and sufficiently small, there
exists ∆(N) > 0 such that whenever the graph G is non-Hamiltonian

min
f∈DS

[gε
11(f)] − 1

2
N + 1

N
= min

f∈DS

1
2N2

Varf
1(τ1) ≥∆(N) − O(ε). (2.7)

We name the quantity ∆(N) the lower bound on Hamiltonicity gap (of
order N) because it distinguishes all non-Hamiltonian graphs with N

nodes from all Hamiltonian graphs with the same number of nodes.

2.1.1 A Lower Bound for the Non-Hamiltonian Case

Let f be an arbitrary doubly stochastic policy in a non-Hamiltonian
graph. The key step in what follows is the derivation of an upper bound
on the probability Pf ({τ1 = N}), that the process returns to node 1,
for the first time, after exactly N steps.
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Lemma 2.3. Suppose that the graph G is non-Hamiltonian and let f

be an arbitrary doubly stochastic policy.

(a) If ε = 0, then

Pf ({τ1 = N}) ≤ 1
4

(b) If ε > 0 and small, then

Pf ({τ1 = N}) ≤ 1
4

+ O(ε).

Proof. First consider the case ε = 0. Let f be an arbitrary doubly
stochastic policy and let {Xt}∞0 be the Markov chain induced by
f and the starting state 1. Let γ1 = (X0,X1, . . . ,XN ) be a path of
N steps through the graph and let χ1 = {γ1|X0 = XN = 1, Xk 6= 1; k =
1, . . . ,N − 1}. That is, the event that the first return to 1 occurs after
N steps is simply {τ1 = N} = {χ1} and hence

Pf ({τ1 = N}) =
∑

γ1∈χ1

pγ1 ,

where pγ1 denotes the probability (under f) of observing the path γ1.
However, because the graph is assumed to be non-Hamiltonian, all the
paths in χ1 that receive a positive probability have the structure

γ1 = γ
′
1 ⊕ γ̄1,

where ⊕ denotes a “composition” of two path components: γ
′
1 that

consists of a non-self-intersecting “reduced path” from 1 to itself of
length m ≤ N − 2 adjoined at some node(s) other than 1 by one or
more loops of total length N − m, that together constitute the second
component γ̄1. One can think of γ′1 and γ̄1 as the first and second parts
of a figure comprising of basic loop with one or more side-lobes attached
to it, each of which is either a loop or a connected union of loops. The
simplest instance of this is a figure of eight, with two loops of length
m and N − m, respectively, attached at a node other than 1.

Let pγ1 denote the probability of the original path and pγ1
′ that of

the reduced path. Let q := pγ1/pγ1
′ < 1, which is the contribution to
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pγ1 coming from the loops comprising γ̄1. More generally, define

γ0 = γ
′
1, γ1 = γ

′
1 ⊕ γ̄1, γ2 = γ

′
1 ⊕ γ̄1 ⊕ γ̄1, γ3 = γ

′
1 ⊕ γ̄1 ⊕ γ̄1 ⊕ γ̄1, . . . .

The paths γn (n ≥ 2) from 1 to itself all begin with the same reduced
path γ

′
1 but may repeat exactly the same loop traversals γ̄1 path for

n ≥ 2 times all contribute to the event {τ1 6= N}, as does γ0 = γ
′
1.

The paths γn, n ≥ 2 have probabilities pγ1q
n−1. The total prob-

ability that these paths and γ0 = γ
′
1 (but excluding the original γ1)

contribute to {τ1 6= N} is as follows:

pγ1

q
+
∑
n≥2

pγ1q
n−1 = pγ1

(
1
q

+
q

1 − q

)
= pγ1

(
−1 +

1
q(1 − q)

)
≥ 3pγ1 .

From the above it follows that

Pf ({τ1 6= N}) ≥
∑

γ1∈χ1

3pγ1 = 3Pf ({τ1 = N}).

Hence,

1 = Pf (τ1 <∞) = Pf (τ1 = N) + Pf (τ1 6= N) ≥ 4Pf (τ1 = N),

implying Pf (τ1 = N) ≤ 1
4 , or, Pf (τ1 6= N) ≥ 3

4 .
Returning to the case ε > 0 and small, we note that in the Markov

chain induced by f there are now two types of transitions: strong that
correspond to f assigning a positive probability to arcs that are actually
in the graph and weak that are strictly the result of our perturbation.
The latter are of order ε. Thus the only impact that the perturbation
makes on the argument presented above is to introduce an adjustment
of order ε. This completes the proof’s outline.

It is now relatively easy to show that the Hamiltonicity gap ∆(N) =
3

8N2 , as is proved in [17]. The key step in the argument is the inequality

Ef
1 [(τ1 − N)2] =

∑
k≥1

(k − N)2Pf (τ1 = k)

≥
∑

k≥1, k 6=N

Pf (τ1 = k) = Pf (τ1 6= N).
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Hence by Lemma 2.3(b) we obtain

Ef
1 [(τ1 − N)2] ≥ 3

4
− O(ε). (2.8)

It now follows from Proposition 2.1 that

g11(f) ≥ 1
2

N + 1
N

+
1

2N2

(
3
4
− O(ε)

)
=

N + 1
2N

+ ∆(N) − O(ε).

(2.9)
The above demonstrates a lower bound for the non-Hamiltonian case,
that — for ε > 0 and sufficiently small — is strictly greater than
g11(fh) = 1

2
N+1

N + O(ε).

2.1.2 Non-Convex Minimization Problem

In view of the preceding discussion, it is clear that the optimization
problem (2.6) and hence also the Hamiltonian Cycle Problem are equiv-
alent to the following mathematical programming problem

min[gε
11(f)] = min

{[
I − Pε(f) +

1
N

J

]−1

1,1

}
(2.10)

subject to

(i)
∑

a

f(i,a) = 1, i = 1, . . . ,N, f(i,a) ≥ 0 ∀i,a,

(ii) 1T Pε(f) = 1T .

Of course, constraints (i) in the above ensure that f is a proper station-
ary policy, while constraints (ii) ensure that Pε(f) is a doubly stochastic
probability transition matrix.

The following theorem summarizes some of the results discussed
above (see also Proposition 2.1, Lemmas 2.2 and 2.3).

Theorem 2.4. The problems of minimizing the variance of τ1 and of
gε
11(f) over DS are equivalent in the sense that:

arg min
f∈DS

[gε
11(f)] = arg min

f∈DS
[Varf (τ1)]. (2.11)



28 Analysis in the Policy Space

Furthermore, for a Hamiltonian graph and ε > 0 and sufficiently small,
any solution f∗ of the above is a Hamiltonian policy.

Since, in some contexts, variance minimization is a convex optimiza-
tion problem it is important to stress that this is not the case here, as
will be demonstrated below.

Let P0 := Pε(f0), P1 := Pε(f1) be two doubly stochastic matri-
ces corresponding to a pair of policies f0,f1 in DS. Also let P̃0, P̃1

denote the corresponding matrices same with the first row and column
removed. Now, define the straight line segment [f0,f1] ∈ DS by

fλ := λf1 + (1 − λ)f0, λ ∈ [0,1],

and corresponding segments of transition matrices

P (λ) := λP1 + (1 − λ)P0, P̃ (λ) = λP̃1 + (1 − λ)P̃0

for λ ∈ [0,1]. Now set

J(λ) := gε
11(fλ) = λgε

11(f1) + (1 − λ)gε
11(f0), λ ∈ [0,1], (2.12)

that is, J(λ) is the short-hand notation for the objective function of
(2.10) on the line segment [f0,f1] ∈ DS. In [17] the following useful
expression was derived for the mth derivative of J(λ) on λ ∈ (0,1).

Lemma 2.5. For m ≥ 1,

J (m)(λ) =
dmJ(λ)

dλm
=
(

m!
N2

)
1T (I − P̃ (λ))−1((P̃1 − P̃0)

×(I − P̃ (λ))−1)m1. (2.13)

Now, the expressions for the first and second derivative of J(λ) were
used in the calculations of the following example illustrating noncon-
vexity of gε

11(f) over DS.
The adjacency matrix A of an N node graph is simply the N × N

matrix with 1’s in all ij-entries that correspond to arcs (i, j) present in
G and with 0’s in all other entries.
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Example 2.2. We consider the non-Hamiltonian “Petersen graph” on
10 nodes that has the adjacency matrix

A =



0 1 0 0 1 1 0 0 0 0

1 0 1 0 0 0 1 0 0 0

0 1 0 1 0 0 0 1 0 0

0 0 1 0 1 0 0 0 1 0

1 0 0 1 0 0 0 0 0 1

1 0 0 0 0 0 0 1 1 0

0 1 0 0 0 0 0 0 1 1

0 0 1 0 0 1 0 0 0 1

0 0 0 1 0 1 1 0 0 0

0 0 0 0 1 0 1 1 0 0



. (2.14)

Next, we consider a deterministic policy f0 consisting of two sub-cycles
of length 5. In particular, f0 is equivalent to the map

{1,2,3,4,5,6,7,8,9,10} → {2,3,4,5,1,8,9,10,6,7}.

Furthermore, let f1 be equivalent to the map

{1,2,3,4,5,6,7,8,9,10} → {5,1,2,3,4,9,10,6,7,8},

namely, f1 consists of the “reverse sub-cycles” of f0.
Clearly, we can evaluate J(λ) and its second derivative on the inter-

val λ ∈ (0,1) in accordance with (2.12) and (2.13), respectively. The
plots of these functions are displayed in Figures 2.1 and 2.2. It is clear
from the figures that J(λ) = gε

11(fλ) is not convex.

Despite the above, there is an interesting convex subset of symmetric
doubly stochastic policies such that our objective function over that
subset is strictly convex.

Define DSS
def= {f ∈ DS|Pε(f) = P T

ε (f)}, namely, the set of doubly
stochastic policies inducing symmetric probability transition matrices.
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Fig. 2.1 Function J(λ).

Fig. 2.2 Function J ′′(λ).

Note that for every f ∈ DS the transpose of the corresponding prob-
ability transition matrix Pε(f) is also doubly stochastic and if the
“reverse arc” policy f r is also in the graph G (as is always the
case for undirected graphs), then Pε(f r) = P T

ε (f). In such a case
1
2(Pε(f) + P T

ε (f)) ∈ DSS. Clearly DSS is a convex compact polytope
in DS.

In [17] it was shown that gε
11(f) is strictly convex over DSS.

However, up to this stage, it is not clear whether the problem of
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minimization (or maximization) of gε
11(f) over that set is related to

the original Hamiltonicity problem.
We conclude this section with some remarks concerning the extreme

points of the feasible region of the mathematical program (2.10; (i)–
(ii)). Recall the partition of all deterministic policies introduced in
Section 1.2

D =

[
N⋃

m=2

C1
m

]⋃
Nc.

Since by Birkhoff-von Neumann Theorem, extreme points of the set
of all N × N doubly stochastic matrices are permutation matrices, it
follows that the extreme points of DS are those deterministic policies
that lie in

⋃N
m=2 C1

m. Note that these must lie either in C1
N , in which

case they trace out Hamiltonian Cycles in G, or they lie in
⋃N−1

m=2 C1
m,

in which case they trace out unions of two or more disjoint cycles in G.
The latter we shall refer to as short cycle policies the name indicating
that the cycle containing node 1 that they trace is of some length k

that is less than N .
One important difference between Hamiltonian and short cycle

deterministic policies arises in the asymptotic behavior of our objec-
tive function gε

11(f) as ε→ 0. We have seen in Lemma 2.2 that, for a
Hamiltonian policy fh, gε

11(fh) has a Taylor’s series expansion in ε and
that gε

11(fh)→ 1+N
2N as ε→ 0.

However, in the case of any short cycle doubly stochastic policy f , it
was shown in [16] that gε

11(f)→∞ as ε→ 0. In particular, the following
result holds.

Lemma 2.6. Let f ∈ DS be any short cycle deterministic policy; and
let k < N be the length of the cycle containing the home node 1. The
following properties hold.

(a) The value gε
11(f) depends only on ε and k and equals

gε
11(f) =

1
N

+
(

1
N

)
N − k

1 − (1 − Nε)k

+
(

1
N2ε

)
kNε − 1 + (1 − Nε)k

1 − (1 − Nε)k
.
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(b) The functional gε
11(f) has a pole of order 1 at ε = 0, and the

initial terms of its Laurent expansion are:

gε
11(f) =

N − k

N2k
ε−1 +

2k + kN − N

2kN
+

N (k − 1)(1 + k)
12k

ε

+
N2 (k − 1)(1 + k)

24k
ε2 + O

(
ε3
)
.

Example 2.3. Let N = 4 and f be a short cycle doubly stochastic
deterministic policy inducing the probability transition matrix Pε(f)
that contains two cycles of length 2 (implying that k = 2 in Lemma 2.6)
and has the form:

Pε(f) =


ε 1 − 3ε ε ε

1 − 3ε ε ε ε

ε ε ε 1 − 3ε

ε ε 1 − 3ε ε

 .

The corresponding matrix

I − Pε(f) +
1
4
J =


5/4 − ε −3/4 + 3ε −ε + 1/4 −ε + 1/4

−3/4 + 3ε 5/4 − ε −ε + 1/4 −ε + 1/4

−ε + 1/4 −ε + 1/4 5/4 − ε −3/4 + 3ε

−ε + 1/4 −ε + 1/4 −3/4 + 3ε 5/4 − ε

 .

So, the fundamental matrix(
I − Pε(f) +

1
4
J)
)−1

=



1
16

8ε2−6ε−1
(−1+2ε)ε

1
16

8ε2+2ε−1
(−1+2ε)ε

1
16

4ε−1
ε

1
16

4ε−1
ε

1
16

8ε2+2ε−1
(−1+2ε)ε

1
16

8ε2−6ε−1
(−1+2ε)ε

1
16

4ε−1
ε

1
16

4ε−1
ε

1
16

4ε−1
ε

1
16

4ε−1
ε

1
16

8ε2−6ε−1
(−1+2ε)ε

1
16

8ε2+2ε−1
(−1+2ε)ε

1
16

4ε−1
ε

1
16

4ε−1
ε

1
16

8ε2+2ε−1
(−1+2ε)ε

1
16

8ε2−6ε−1
(−1+2ε)ε


.

The left-hand corner element, 8ε2−6ε−1
16ε(−1+2ε) that can be checked to agree

with the value given by the formula in Lemma 2.6.
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Open Problems. In view of the preceding, the following mathematical
programming deserves deeper analysis.

min[gε
11(f)]

(RP )
subject to

(i)
∑

a∈A(i)

f(i,a) = 1 ∀i and f(i,a) ≥ 0 ∀i,a,

(ii)
N∑

i=1

∑
a∈A(i)

pε(j|i,a)f(i,a) = 1 ∀j.

Double stochasticity of policies is ensured by (ii). The objective gε
11(f),

being an element of the fundamental matrix Gε(f), is clearly a rational
function of the elements f(i,a) of f . The extreme points of the feasible
region are in one-to-one correspondence with those deterministic con-
trols in Γε that trace out sub-graphs in G corresponding to permutation
matrices. The latter can be either unions of disjoint cycles (multiple
ergodic classes, when ε = 0, with no transient states), or Hamiltonian
Cycles.

Next, we present some evidence that the rational program (RP )
offers interesting opportunities for both theoretical and algorithmic
advances even though its objective functional is nonconvex in the
underlying decision variables f(i,a).

It is clear that for every f ∈ DS the objective function can be
expressed as a Laurent series in ε. In fact, we know that such a series
can, at worst, have a simple pole at ε = 0. That is,

gε
11(f) =

1
ε
c−1(f) + c0(f) + c1(f)ε + c2(f)ε2 + · · ·

However, from the earlier discussion it follows that whenever f is
a Hamiltonian policy c−1(f) = 0 and c0(f) = (1 + N)/2N . Similarly,
c−1(f) = (N − k)/kN2 and c0(f) = (2k + kN − N)/2kN , whenever f

corresponds to a permutation matrix whose cycle containing 1 is of
length k < N . Thus, among the extreme points of DS, Hamiltonian
Cycles are the only ones that do not have a pole at ε = 0.
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A number of natural research questions now arise. We list some of
the most obvious ones.

(Q1) Is it possible that, for ε small, local minima of (RP ) occur
only in special classes of graphs? If so, what is special about
these classes of graphs?

(Q2) Can a special starting point, that is a special doubly stochas-
tic transition matrix, be identified from which there is always
a descent path to a Hamiltonian Cycle, if one exists?

(Q3) Can the probabilistic and MDP insights be used to develop
an efficient heuristic for (RP )?

(Q4) Is it possible to approximate (RP ) by a mathematical
program (of lower theoretical complexity) whose objective
function value at minimum is so close to that of (RP ) to
differentiate between a Hamiltonian and a non-Hamiltonian
graph?

(Q5) The previously discussed lower bound on the Hamiltonicity
gap, ∆(N), quantifies the distinction between Hamiltonian
and non-Hamiltonian graphs. However, it is a relatively crude
estimate that applies to all graphs. Better lower bounds —
applying to specific classes of graphs — might form measures
of the difficulty of “NP-hardness” of the HCP in these cases.
Classes of graphs with a large lower bound (ie., ∆(N)→ 0
slowly with N →∞) could, perhaps, be classified as “∆(N)-
easy” and those where the gap tends to 0 rapidly with N

could be called “∆(N)-hard.” Such notions are yet to be
rigorously formalized.

2.2 Determinant of the Inverse of Fundamental Matrix

In this section, we describe some interesting results that, in principle,
could be considered as purely algebraic properties of certain matrices
and their eigenvalues and determinants. However, it would have been
difficult to discover these results without the insight of preceding sec-
tions highlighting the relationship of elements of fundamental matrices
of Markov chains to Hamiltonicity of a graph. Consequently, the results
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reported below are presented in a manner in which they were first dis-
covered.

The first observation to be made is that for f ∈ DS the objective
function gε

11(f) of the minimization problem (2.6) is, of course, a ratio
of two determinants

gε
11(f) =

cof([Aε(f)]11)
|Aε(f)|

, (2.15)

where Aε(f) = (I − Pε(f) + 1
N J) = [Gε(f)]−1, cof([Aε(f)]11) is the

cofactor of the top-left entry of Aε(f) and |Aε(f)| is the determinant
of that matrix.

Now, since Hamiltonian policies are the minimizers of gε
11(f) over

DS, it is not unreasonable to conjecture that they may also be the
maximizers of the determinant |Aε(f)| over that same space. This and
an even stronger results are proved in [26].

In the remainder of this section no perturbation is assumed, equiv-
alently ε := 0 in any of the previous perturbations, and we adopt the
notation that for every f ∈ F

A(f) :=
(

I − P (f) +
1
N

J

)
= A0(f) =

(
I − P0(f) +

1
N

J

)
.

Note that if P (f) is no longer the transition probability matrix of
an irreducible doubly stochastic policy, A(f) need no longer equal to
[G0(f)]−1, the inverse of the fundamental matrix of the Markov chain
induced by f . Despite this, the determinant of A(f) still possesses many
interesting properties related to Hamiltonicity. These properties are
first illustrated with the help of a simple example.

Example 2.4. As in Section 1.2 consider a complete graph G4 on
4 nodes (without self-loops) in Figure 1.1. Take three deterministic
policies: f1, f2 and f3 inducing, respectively, Markov chains with the
probability transition matrices

P (f1) =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 ,
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P (f2) =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,

and

P (f3) =


0 1 0 0
0 0 1 0
1 0 0 0
0 1 0 0

 .

Now it is easy to verify that

A(f1) =
(

I − P (f1) +
1
4
J

)
=

1
4


5 −3 1 1
1 5 −3 1
1 1 5 −3
−3 1 1 5

 ,

A(f2) =
(

I − P (f2) +
1
4
J

)
=

1
4


5 −3 1 1
−3 5 1 1
1 1 5 −3
1 1 −3 5

 ,

and

A(f3) =
(

I − P (f3) +
1
4
J

)
=

1
4


5 −3 1 1
1 5 −3 1
−3 1 5 1
1 −3 1 5

 .

It is now a simple matter to calculate the determinants of the above
matrices. The reader is invited to check that

|A(f1)| = 4, |A(f2)| = 0, and |A(f3)| = 3.

It is not a coincidence that P (f1) corresponds to a Hamiltonian pol-
icy and the determinant of A(f1) is exactly equal to the number of
nodes in that longest of all possible simple cycles. Analogously, P (f3)
corresponds to a policy that traces out a 3-cycle and a transient state
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and the determinant of A(f2) is again equal to the number of nodes in
the cycle containing the home node. While, P (f2) may appear to be a
“counter-example” to the emerging pattern, it can be excluded because
it contains more than one ergodic class. Incidentally, the easiest way to
verify that the determinant of A(f2) vanishes is to multiply it by the
column vector (1,1,−1,−1)T .

As is often the case, a simple example illustrates the salient features
of the general situation. Indeed, the following theorem proved in [26]
summarizes these features.

Theorem 2.7. Consider an arbitrary graph G and the policy spaces
F and DS of the associated, unperturbed, Markov Decision Process
Γ. Then

(a) if k is the length of the longest simple cycle in G we have
that

max
f∈F

|A(f)| ≤ k

(b) if G is Hamiltonian, then for any Hamiltonian policy fh, it
follows that

|A(fh)| = max
f∈F

|A(f)| = max
f∈DS

|A(f)| = N,

(c) if G is non-Hamiltonian,

max
f∈F

|A(f)| ≤ N − 1.

Corollary 2.1. Let λ1, . . . ,λN−1 be the eigenvalues of P (f) with eigen-
value 1 of multiplicity 1 excluded.

(i) For f ∈ DS,

N−1∏
i=1

(1 − λi) ≤ N.
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(ii) For a non-Hamiltonian graph G,

N−1∏
i=1

(1 − λi) ≤ N − 1, for all f ∈ DS.

(iii) For a Hamiltonian graph G,

max
f∈DS

N−1∏
i=1

(1 − λi) = N.

Remark 2.1. In fact, slightly more general results are proved in [26].
In particular, if for a parameter α > 0 we define Aα(f) := (I − P (f) +
αJ), then the main result of Theorem 2.7 extends to maxf∈F |A(f)| ≤
kαN . Hence the version stated above is merely the case of α = 1

N . Of
course, for an arbitrary nonnegative value of α, the connection with
the inverse of the fundamental matrix of P (f) disappears completely.

Open Problem. It should be clear from the preceding discussion that
there are a number of functionals — stemming from connections with
Markov chains — that can be used as an objective function in opti-
mization problems that identify Hamiltonian Cycles (if any) of a given
graph. These include: gε

11(f), Varf (τ1), |A(f)|, and
∏N−1

i=1 (1 − λi).
A recent report by Litvak and Ejov [53] shows that the trace tr[G(f)]
of the fundamental matrix can be added to that list. Hence a natural,
but still unexplored, question is: What are the comparative advantages
or disadvantages of these alternative functionals? This question should
be investigated both from the algorithmic and theoretical perspectives.
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Analysis in the Frequency Space

3.1 HCP in the Frequency Space of the Long-Run
Average MDP

We now return to the asymmetric linear perturbation (see Section 1.3)
and the MDP Γε into which our original graph G has been embedded.

Recall that if P (f) is the transition probability matrix of a Markov
chain induced by f that is a Hamiltonian Cycle, then P (f) is irre-
ducible. However, if f traces out sub-cycles in G, then P (f) contains
multiple ergodic classes which complicates the analysis of the Markov
Decision Process Γ. As mentioned earlier, a class of limiting average
Markov Decision Processes that retains most of the desirable proper-
ties of the irreducible processes is the so-called “unichained” class.

Recall also that for the asymmetric linear perturbation, for each
pair of nodes i, j (not equal to 1) corresponding to a “deterministic
arc” (i, j) our perturbation replaces that arc by a pair of “stochas-
tic arcs” (i,1) and (i, j), with weights ε and (1 − ε), respectively,
(ε ∈ (0,1)). Also, the perturbation has made the home node/state 1
rather special. In particular, the home state always belongs to the sin-
gle ergodic class of Pε(f) for any f ∈ F . Of course, some other states

39
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could be transient. Finally, note that this perturbation changes Γ to an
ε-perturbed Markov Decision Process Γε.

3.1.1 Frequency Space of Γε

We shall now undertake the analysis of the Hamiltonian Cycle Problem
in the “frequency space” of the perturbed process Γε. Consider the
polyhedral set X(ε) defined by the constraints

(i)
N∑

i=1

∑
a∈A(i)

[δij − pε(j|i,a)]xia = 0; j ∈ S.

(ii)
N∑

i=1

∑
a∈A(i)

xia = 1.

(iii) xia ≥ 0; a ∈ A(i), i ∈ S.

It is well known (e.g., see [38]) that with every f ∈ F we can associate
the long-run frequency vector x(f) ∈ X(ε). This is achieved by defining
a map M : F → X(ε) by

xia(f) = πi(f)f(i,a); f ∈ F

for each i ∈ S and a ∈ A(i), where πi(f) = πε
i (f) is the ith element

of the stationary distribution vector of the perturbed Markov chain
transition matrix Pε(f), and f(i,a) is the probability of choosing action
a in state i. The quantity xia(f) is interpreted as the long-run frequency
of the state-action pair (i,a) induced by f which is consistent with
the interpretation of xi(f) :=

∑
a∈A(i) xia(f) = πi(f) as the long-run

frequency of visits to the state/node i.
Next define a map M̂ : X(ε)→F by

fx(i,a) =


xia

xi
; if xi =

∑
a∈A(i) xia > 0

1; if xi = 0 and a = a1

0; if xi = 0 and a 6= a1,

for every a ∈ A(i), i ∈ S where a1 denotes the first available action in
a given state according to some ordering. The following result can be
found in [35], [38] and [45].
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Lemma 3.1.

(i) The set X(ε) = {x(f)|f ∈ F} and will henceforth be called
the (long-run) “frequency space” of Γε.

(ii) For every x ∈ X(ε),

M(M̂(x)) = x

but the inverse of M need not exist.
(iii) If x is an extreme point of X(ε), then

fx = M̂(x) ∈ D.

(iv) If f ∈ D is a Hamiltonian Cycle, then x(f) is an extreme
point of X(ε).

It is, perhaps, interesting to observe that all strategies in a given mem-
ber of the partition D =

[⋃N
m=2 C1

m

]⋃
Nc induce the same long-run

frequency x1(f) of visits to the home node 1. This observation is cap-
tured in the following proposition which can be found in [20] and [38].

Proposition 3.2. Let ε ∈ (0,1), f ∈ D, and x(f) be its long-run fre-
quency vector (that is, x(f) = M(f)). The long-run frequency of visits
to the home state 1 is given by

x1(f) =
∑

a∈A(1)

x1a(f) =


1

dm(ε)
; if f ∈ C1

m, m = 2,3, . . . ,N

ε

1 + ε
; if f ∈ Nc,

where dm(ε) = 1 +
∑m

i=2(1 − ε)i−2 for m = 2,3, . . . ,N .

Outline of Proof. This result can be obtained by a direct calculation
and the observation that the order of the nodes in a cycle, of length
m, starting at the home node is immaterial. Below, we show the logical
steps for the generic cycle of length m and f ∈ C1

m. The case of f ∈ Nc

is not very different.
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Suppose that for some m = 2,3, . . . ,N , Gf ⊃ c1
m. Since we are inter-

ested only in the frequencies of visits to state 1, there is no loss of
generality in assuming that

c1
m = {(1,f(1)),(2,f(2)), . . . ,(m,f(m))} ,

where f(k − 1) = k for k = 2, . . . ,m and f(m) = 1. The probability
transition matrix of the Markov chain induced in Γα

ε by f is now of
the form:

Pε(f) =



0 1 0 · · · 0 0 | 0 · · · 0
ε 0 1 − ε · · · 0 0 | 0 · · · 0
...

...
...

...
... |

... 0
ε 0 0 · · · 0 1 − ε | 0 · · · 0
1 0 0 · · · 0 0 | 0 · · · 0
− − − − − − − − − −

|
P21(f) | P22(f)

|


,

where the dimension of the top left-hand block is m × m and, typi-
cally, the P21(f) block must contain one or more nonzero entries. It
follows that the states m + 1,m + 2, . . . ,N are all transient. Now, if we
let π(f) = (π1(f), . . . ,πN (f)) denote the unique stationary distribution
vector of Pε(f), then πk(f) = 0 for k ≥m + 1. In addition, π(f) must
satisfy the equations π(f)Pε(f) = π(f) and

∑N
k=1 πk(f) = 1. It is now

easy to verify that

πk(f) =


π1(f), if k = 1,2

(1 − ε)k−2π1(f), if k = 3, . . . ,m

0, if k ≥m + 1.

Summing the above to 1, we obtain

N∑
k=1

πk(f) =

[
1 +

m∑
k=2

(1 − ε)k−2

]
π1(f) = 1,
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and by recalling the definition of dm(ε) we have

x1(f) = π1(f) =
1

dm(ε)
for m = 2,3, . . . ,N.

2

The above proposition leads the following characterizations of the
Hamiltonian Cycles of a directed graph.

Theorem 3.3.

(i) Let f ∈ D be a Hamiltonian Cycle in the graph G. Then
Gf = c1

N , x(f) is an extreme point of X(ε) and x1(f) = 1
dN (ε) .

(ii) Conversely, suppose that x is an extreme point of X(ε) and
that x1 =

∑
a∈A(1) x1a = 1

dN (ε) , then f = M̂(x) is a Hamilto-
nian Cycle in G.

(iii) Hamiltonian Cycles of the graph G are in 1 : 1 correspon-
dence with those points of X(ε) which satisfy

(a) x1 =
∑

a∈A(1)x1a =
1

dN (ε)
.

(b) For every i ∈ S, xi =
∑

a∈A(i)xia > 0 and xia
xi
∈ {0,1}

for each a ∈ A(i), i ∈ S.

Outline of Proof.

(i) Since f is a Hamiltonian Cycle, by definition, Gf = c1
N . By

Lemma 3.1, x(f) is an extreme point of X(ε), and by Propo-
sition 3.2

x1(f) =
1

dN (ε)
.

(ii) Again from Lemma 3.1, fx ∈ FD and x1(fx) = x1 = 1
dN (ε)

since x = M
(
M̂(x)

)
. Now, by Proposition 3.2, fx is a Hamil-

tonian Cycle. 2
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Remark 3.1. It is, perhaps, significant to note that for all ε ∈ (0,1),
m = 2,3, . . . ,N − 1

1
dm(ε)

>
1

dm+1(ε)
>

ε

1 + ε
.

Thus Theorem 3.3 demonstrates that the extreme points x of X(ε)
can be “ranked” according to their values of the linear function l(x) =∑

a∈A(1) x1a. Unfortunately, the Hamiltonian Cycles (if they exist) may
attain only the “second lowest” value of l(x), namely, 1

dN (ε) .

Remark 3.2. In view of the above, the challenge presented by our
AMD formulation is to find a point in X(ε) that simultaneously
achieves the conditions x1 = 1

dN (ε) and xia
xi
∈ {0,1} for each a ∈ A(i),

i ∈ S. Once such a point is found f = M̂(x) will trace out a Hamilto-
nian Cycle in G.

There are a number of ways by tackling the challenge stated in
Remark 3.2. Below, we briefly mention two approaches: one that
exploits a suitably constructed quadratic function, and one that intro-
duces integer variables.

Let D = diag(D1,D2, . . . ,DN ) be a block-diagonal matrix with its
ith block equal to Di for i = 1,2, . . . ,N . Suppose that Di is an m(i) ×
m(i) matrix with all diagonal elements equal to 0 and all off-diagonal
elements equal to 1 (where m(i) is the cardinality of A(i)), for each
i ∈ S. Of course, Di equals a 1 × 1 zero matrix if m(i) = 1. Consider
the following (indefinite) quadratic program:

min xT Dx

subject to (QP )

(i) x ∈ X(ε)

(ii) x1 =
∑

a∈A(1)

x1a =
1

dN (ε)
.

The potential usefulness of this optimization problem stems from the
results summarized below.
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Theorem 3.4.

(i) Let f ∈ D trace out a Hamiltonian Cycle in G. Then x(f) is
a global minimum of (QP) and xT Dx = 0.

(ii) Conversely, let x∗ be a global minimum of (QP) such that
(x∗)T Dx∗ = 0. Then fx∗ = M̂(x∗) is a deterministic strategy
that traces out a Hamiltonian Cycle in G.

Outline of Proof.

(i) Since x ≥ 0 and D is a nonnegative matrix, we have that
xT Dx ≥ 0. The reader is invited to verify that the condition
xia
xi
∈ {0,1} for each a ∈ A(i), i ∈ S, implies that xT Dx = 0.

(ii) Once again it is not hard to check that (x∗)T Dx∗ = 0 implies
that

x∗ia∑
a∈A(i) x

∗
ia

∈ {0,1},

for all a ∈ A(i), i ∈ S. The preceding results now support the
validity of the statements of this theorem. 2

Remark 3.3. The reader is invited to verify that each block Di

of dimension m(i) ≥ 2 has only two eigenvalues: −1 and (m(i) − 1).
Thus the optimization problem (QP) is, indeed, an indefinite quadratic
program.

Example 3.1. Let G4 be a complete graph on four nodes with no
self-loops, it is easy to check that

D = diag(D1,D2,D3,D4) ,

where

Di =

 0 1 1
1 0 1
1 1 0


for each i = 1,2,3,4.
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Further, the quadratic program (QP) can be written in the generic
form:

min xT Dx

subject to

Ax = b

x ≥ 0.

The vector bT = (0,0,0,0,1,0.2695), and with ε fixed at 0.1. The coef-
ficient matrix A, with the same epsilon value, is


1 1 1 −1 −0.1 −0.1 −1 −0.1 −0.1 −1 −0.1 −0.1
−1 0 0 1 1 1 0 −0.9 0 0 −0.9 0
0 −1 0 0 −0.9 0 1 1 1 0 0 −0.9
0 0 −1 0 0 −0.9 0 0 −0.9 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 0 0 0 0 0 0 0 0 0

 .

It is now easy to check that one global optimum of the above
quadratic program is attained at

x̂T = (0.2695, 0, 0, 0, 0.2695, 0, 0, 0, 0.2425, 0.2183, 0, 0),

which induces the Hamiltonian Cycle via the transformation M̂ .

Taking a somewhat different approach, it can be checked that the most
awkward requirement xia/xi ∈ {0,1} for all i ∈ S,a ∈ A(i) is, in this
setting, equivalent to min{xia,xib} = 0 for all i ∈ S, a,b ∈ A(i) and a 6=
b. This observation immediately leads to the following mixed integer
programming formulation of the HCP:

min
∑

i

∑
a

ciaxia

subject to: (MIP )

x∈X(ε)
x1 =1/dN (ε)
xia≤Myia : i ∈ S,a ∈ A(i)

yia + yib≤1; i ∈ S,a,b ∈ A(i),a 6= b

yia ∈{0,1}; i ∈ S,a ∈ A(i).
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The above approach was a basis of an algorithm and some numer-
ical experimentation that are reported in [7]. Clearly, in numerical
experiments, the above parameter M ≥ 1/dN (ε) and coefficients cia

of a linear objective function can be experimented with. In preliminary
numerical experiments reported in [7], randomly generated problems
with up to 100 nodes and 300 arcs were solved in less than 150 cpu
seconds on a Sun Workstation.

Remark 3.4. Solving the TSP
It is, perhaps, important to note that if the linear objective function in
(MIP ) is replaced by

min
∑

i

∑
a

ciayia,

where cia is precisely the cost of arc (i,a) in the Traveling Salesman
Problem based on the given graph G, then the solution of the (MIP ),
so-modified, also provides a solution of the TSP in its yia-variables.
This is because

yia = 1⇔ xia > 0

and hence the new objective function is precisely the cost of the TSP
tour corresponding to the HC identified by the xia-variables. Since, we
are minimizing the objective, this is also the minimal cost tour.

3.2 An Interior-Point Method in Frequency Space

The indefinite quadratic program (QP) introduced in the preceding sec-
tion presents a challenge in its own right for specialists in mathematical
programming. The challenge is to exploit some of the insights gained
in the process of embedding the graph G in a Markov Decision Process
so as to design an algorithm or a heuristic that might perform better
than generic global optimization methods for nonconvex problems.

In this section, we outline a method, developed in [24] that is based
on a well known interior-point method.

In order to ensure that our MDP is irreducible (rather than
just unichain) we replace the asymmetric linear perturbation of the
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preceding section with the asymmetric quadratic perturbation defined
in Section 1.3 thereby inducing an MDP Γq

ε.
Recall, that with the above perturbation, for each pair of nodes

i, a (not equal to 1) corresponding to a “deterministic arc” (i,a), our
perturbation replaces that arc by a pair of “stochastic arcs” (i,1) and
(i,a) with weights ε and (1 − ε), respectively. This stochastic pertur-
bation has the following interpretation: a decision to move along arc
(i,a) results in movement along (i,a) only with probability (1 − ε) and
with probability ε the process returns to the home node 1; a decision
to move along arc (1,a) results in movement along (1,a) with probabil-
ity 1 − (N − 2)ε2 and with probabilities ε2 along the remaining N − 2
arcs (1,a′) such that a′ 6= a. The quadratic in ε part of the perturbation
ensures that there will arise only irreducible Markov chains defined by
stationary strategies through the above perturbation.

Now, consider the Markov chain Pε(f) determined by an arbitrary
stationary policy f. Thanks to the irreducibility of all such chains,
the map M̂ defined in Section 3.3 simplifies somewhat and becomes
the inverse of the map M . In particular, as before, M : F → X(ε) is
defined by

xia(f) := πi(f)f(i,a) ∀ i ∈ S, a ∈ A, (3.1)

where πi(f) is the ith entry of the stationary distribution π(f) of that
Markov chain.

Furthermore, the quadratic in ε part of the perturbation ensures
that xi(f) =

∑
a∈A(i) xia(f) > 0 for each i. Therefore, M is invertible

and its inverse M−1 : X(ε)→F is defined by

M−1(x)(i,a) = fx(i,a) :=
xia

xi
∀ i ∈ S, a ∈ A. (3.2)

Recall that constraints (i)–(iii) defining the frequency space X(ε) deter-
mine a polyhedron in IRm (where m is the total number of arcs/actions)
that can be represented, in matrix notation, as

X(ε) =
{
x|Wεx = 0, 1T x = 1, x ≥ 0

}
,

where 0, 1 are both m-vectors (with 0, respectively, 1 in every entry),
and Wε is an N × m matrix with rows numbered by vertices of the
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graph G and columns by arcs A whose (j,(i,a))th entry is

wε[j,(i,a)] := δ(i, j) − pε(j; i,a).

Remark 3.5. Construction of X(ε) provides a connection between Wε

and the incidence N × m matrix I(G) of the graph defined as

I(G)[j,(i,a)] =


1: i = j

−1: i = a

0: otherwise

In particular, Wε is a (ε-quadratically) perturbed incidence matrix
I(G).

The following result, established in [24], is quite analogous to Theo-
rem 3.3 of the preceding section.

Proposition 3.5. Let ε ∈
(
0, 1√

N−1

)
. Hamiltonian Cycles of the graph

G are in 1 : 1 correspondence with those points of X(ε) which satisfy

(i) x1 =
∑

a∈A(1)x1a = 1
d̃N (ε)

, where

d̃N (ε) = 1−(1−ε)N−1

ε + ε + (1 + (N − 2)ε)(1 − ε)N−1 =
N + O(ε).

(ii) For every i ∈ S, xi =
∑

a∈A(i)xia > 0 and xia
xi
∈ {0,1} for each

a ∈ A(i), i ∈ S.

We now return to the optimization problem (QP) introduced in the
preceding section. Recall that the objective function of (QP) was of
the form:

Q(x) := xT Dx,

where D = diag(D1,D2, . . . ,DN ) is a block-diagonal matrix whose ith
block Di is an m(i) × m(i) matrix with 0’s on the diagonal and 1’s
elsewhere (here m(i) is the cardinality of A(i)). Let

S(x) :=
∑

i

x2
i =

∑
i

 ∑
a∈A(i)

xia

2

= xT J(G)x,
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where J(G) is the block-diagonal matrix consisting of N blocks with
its ith block being an m(i) × m(i) matrix full of units, and

s(x) :=
∑

i

∑
a∈A(i)

x2
i,a = xT Imx,

where Im is the identity matrix of the size m =
∑N

i=1 m(i). Clearly,

Q(x) = xT Dx = S(x) − s(x)

=
∑

i

 ∑
a∈A(i)

xia

2

−
∑

a∈A(i)

x2
ia


=
∑

i

∑
a,b∈A(i),a 6=b

xi,a xi,b,

is a difference of two convex functions, and (for nonnegative x) takes
on value 0 if and only if at most one of variables xia is nonzero, for each
node i ∈ S. In other words, such an element x ∈ X(ε) “chooses” at most
one neighbor of node i in graph G. However, because our perturbation
ensures that

∑
a∈A(i) xia > 0, ∀ i ∈ S, any x ∈ X(ε) “chooses” exactly

one neighbor of node i.
As in the preceding section, the HCP now reduces to solving the

following indefinite quadratic programming problem (QP):

minQ(x) = minxT Dx

subject to

(i) x ∈ X(ε)
(ii) x1 =

∑
a∈A(1) x1a = 1

d̃N (ε)
.

(3.3)

Again, properties analogous to those of Theorem 3.3 hold, namely, (see
[24] for details).

Proposition 3.6.

(i) A policy f ∈ F is a HC in G if and only if x(f) = M(f) is a
global minimum of (QP) and xT (f)Dx(f) = 0.
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(ii) Conversely, if x∗ be a global minimum of (QP) such that
(x∗)T Dx∗ = 0, then fx∗ = M−1(x∗) is a deterministic strat-
egy that traces out a HC in G.

We note that all equality constraints in (3.3) can be expressed as a
single linear equation

Ax = b. (3.4)

For our heuristic the single objective function Q(x) is insufficient. Our
algorithm requires a 1-parameter family of objective functions that (if
the graph G contains a HC) achieve the (global) minimum at a HC or
in a small neighborhood of a HC so that the HC can be recognized by
the location of such global minima in X(ε). It appears that the convex
combination

fα(x) := S(x) − αs(x) = αQ(x) + (1 − α)S(x), 0 < α ≤ 1

provides such a family. The notation arg min(fα(x)) will be used to
denote the location of a global minimum of fα(x) in X(ε).

Lemma 3.7. If G contains a HC then for every δ > 0 there exists
ε0(δ,α) > 0 such that for every ε from 0 < ε ≤ ε0(δ,α) a global mini-
mum {arg min(fα(x))} lies in the δ-neighborhood of a HC in G.

3.2.1 An Interior Point Method

The theory [69] and the implementation [6] of interior point meth-
ods for optimization are well understood. Interior point methods have
been used extensively in studying combinatorial optimization problems.
These methods offer a number of advantages, specially when applied
to very large problems. In [24] a specialized interior point algorithm
was developed to solve the nonconvex quadratic problem (3.3) with
the help of HOPDM solver [5, 39]. Below we outline the main issues of
this application.

An interior point algorithm for quadratic programming imple-
mented in HOPDM is the primal-dual method with multiple centrality
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correctors. The algorithm is applied to the primal-dual formulation of
the quadratic program

Primal Dual

min cT x + 1
2xT Dx max bT y − 1

2xT Dx

s.t. Ax = b, s.t. AT y + s − Dx = c,

x ≥ 0; y free, x,s ≥ 0,

where A ∈ Rm×n,D ∈ Rn×n, x,s,c ∈ Rn and y,b ∈ Rm. The main com-
putational effort of this algorithm consists in the computation of the
primal-dual Newton direction. This requires solving the following linear
system:  A 0 0

−D AT I

S 0 X

∆x

∆y

∆s

 =

ξp

ξd

ξµ

 , (3.5)

where

ξp = b − Ax,

ξd = c − AT y − s + Dx,

ξµ = µ1 − XS1,

and X and S denote n × n diagonal matrices in which vectors x,s ∈ Rn

are spread across the diagonals, respectively, and µ is a parameter. After
an elimination of

∆s = X−1ξµ − X−1S∆x,

the Newton system is reduced to[
−D − X−1S AT

A 0

][
∆x

∆y

]
=
[
ξd − X−1ξµ

ξp

]
. (3.6)

The matrix involved in (3.6) is symmetric but indefinite (even for a con-
vex problem when D is positive definite). For the sake of efficiency, in
HOPDM implementation [5], the matrix in the reduced Newton system
is regularized with diagonal terms Rp and Rd

H =
[
−D − X−1S AT

A 0

][
−Rp 0

0 Rd

]
, (3.7)
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to obtain a quasidefinite one. This allows the use of Cholesky-like fac-
torization in which an LΛLT decomposition is found with diagonal
matrix Λ containing both positive and negative elements.

An approach equivalent to a partial convexification of the objective
is utilized in [24]. In particular, the following parameterized objective
was used, with α ∈ (0,1)

fα(x) := S(x) − αs(x).

This function is still nonconvex. However, its negative curvature
decreases when α is reduced. Lemma 3.7 provides a rationale for the
use of fα(x).

3.2.2 Heuristics Based on the QP Solution

For an arbitrary (nontrivial) problem there may be little chance to solve
the nonconvex QP and obtain the global minimum, that is, attain the
zero objective value in (3.3). If this happens, we immediately obtain a
Hamiltonian Cycle. What is more likely to happen is that one of the
numerous local minima of (3.3) is found. Such a solution has at least
one set of frequencies for which there are two or more nonzero elements
in xia, a ∈ A(i). Typically, when (3.3) corresponding to a large graph
is solved the local minimum obtained has many nodes i with such
a property. Consequently, we cannot translate the solution into a HC.
However, this local solution provides us with a lot of useful information
and allows the use of heuristics to find a HC. The heuristics rely on
the interpretation of the solution xia as frequencies of traversing an arc
(i,a) in the graph.

3.2.3 Arc Elimination

For a local minimum of the quadratic problem we compute

f(i,a) =
xia

xi
, a ∈ A(i).

These variables can be interpreted as relative frequencies of leaving
node i by appropriate arcs originating from i. If f(i,a) is negligible,
that is, if f(i,a) < δ for some prescribed tolerance δ, then the arc (i,a)
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is eliminated from the graph as “unlikely” to be a part of a HC. After
arc elimination the new quadratic program for the reduced graph is
solved and the analysis is repeated. After a number of such reductions
and repeated QP local solutions no more arcs satisfy the elimination
criteria. If the last solution corresponds to the case that for each node i

only one variable f(i,a) is equal to 1, that is, out of all possible outgoing
arcs only one is used, then a Hamiltonian Cycle is found. However, if
two or more of variables f(i,a) are bounded away from zero, then the
method starts branching on these variables.

3.2.4 Branching

Branching is a technique widely used in integer programming. The
heuristic in [24] analyzes the solution of the current quadratic programPk

(corresponding to the reduced graph Gk) and if this solution has any node
i with two or more variables which satisfy f(i,a) ≥ δ, then it replaces the
problem with a set of |A(i)| new problems. Each of these corresponds to a
different reduced graph in which (i,a) is the only arc leaving node i and
all remaining arcs which originated from i have been removed.

This way branching forces the use of one particular arc leaving
node i. By replacement of the original problem with a tree of sub-
problems, branching inevitably increases the computational complexity.
In [24] the branching strategy is combined with an arc elimination tech-
nique which usually results in a fast reduction of the size of the graph.
However, search trees may occasionally grow to very large depths.

The above approach was implemented using HOPDM inte-
rior point solver (http://www.maths.ed.ac.uk/~gondzio/software/
hopdm.html). It was run on the 200 MHz Pentium III PC with Linux
operating system.

The authors of [24] tested this heuristic on classes of problems that
included:

(i) randomly generated graphs,
(ii) Knight’s tour problems.

The first class of problems needs little introduction. In Table 3.1, the
sizes of graphs (number of nodes and arcs) and the overall CPU times
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Table 3.1 Solution times for randomly generated graphs.

Problem Nodes Arcs Time (CPU secs)

Rand1 25 59 1.48
Rand2 30 72 0.44

Rand3 40 100 3.92

Rand4 50 150 7.92
Rand5 100 293 107.15

Rand6 110 323 12.94

Rand7 120 353 67.23
Rand8 130 392 19.11

Rand9 140 402 147.53
Rand10 150 420 1267.07

in seconds needed to find a HC are reported. The analysis of results
collected in Table 3.1 indicates the potential of the approach but also
indicates the fast growth of the solution CPU time when the size of
the graph increases. The Knight’s tour problem consists in finding a
tour of the knight to visit each square of the k × k chessboard exactly
once. This problem has received a lot of attention from the research
community and a variety of algorithms have been developed for its
solutions, see for example [58]. The problem has a solution only for
even k ≥ 6. Table 3.2 gives the solution for the 6 × 6 chessboard: the
numbers in the fields provide the order in which the knight visits them.
In Table 3.3 the sizes of graphs and the corresponding solution times for
the Knight’s tour problems are reported. Thus, it can thus be seen that
the approach proposed [24] finds solutions to HC problems of moderate
size in acceptable computation time. However, the solution time grows
rapidly for a larger graph corresponding to the 32 × 32 chessboard.

Open Problem. From numerical experiments it appears that, typi-
cally, (QP) possesses many interior local minima and that, naturally,
makes the goal of finding a global minimum difficult. One, poten-

Table 3.2 Solution for the 6 × 6 chessboard problem.

4 15 34 27 6 17

35 26 5 16 33 28

12 3 14 29 18 7

25 36 11 32 21 30

10 13 2 23 8 19

1 24 9 20 31 22
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Table 3.3 Solution times for the Knight’s tour problem.

Problem Nodes Arcs Time (CPU secs)

Chess6 36 160 1.25
Chess8 64 336 3.35

Chess10 100 576 29.77

Chess12 144 880 33.58
Chess14 196 1248 194.45

Chess20 400 2736 819.10

Chess32 1024 7440 35697.00

tial, remedy might be to exploit the fact that the objective function
Q(x) = S(x) − s(x) is a difference of two convex functions, indeed, an
“ellipsoid minus a ball.” Hence, in Ejov et al. [29], in lieu of (QP), the
convex maximization problem (CM) was considered:

max[s(x)] s.t. Ax = b & S(x) ≤ θ(ε), (CM )

where θ(ε) := S(xh) and xh = M(fh) for any fh that traces out a Hamil-
tonian Cycle. This way the HC’s (if any) remain in the feasible region.
In [29] it was shown that, with ε sufficiently small, a graph is Hamil-
tonian if and only if the maximum of s(x) equals θ(ε).

Geometrically speaking, at Hamiltonian Cycles, the surface of the
ball s(x) ≤ θ(ε) just touches the boundary of the ellipsoid S(x) ≤ θ(ε).

A potential advantage of working with (CM) in place of (QP) may
be due to the fact that (CM) has no interior local minima. Hence,
an opportunity exists to adapt the interior-point heuristic from [24]
to (CM).

3.3 HCP in the Frequency Space of the Discounted MDP

In an interesting, related, development Feinberg [32] considered the
embedding of a Hamiltonian Cycle Problem in a discounted Markov
Decision Process. In that formulation the perturbation parameter ε is
not necessary but, instead, the discount factor β ∈ [0,1) plays a cru-
cial role.

In particular Feinberg’s embedding can be obtained either directly
as at the beginning of Section 1.2, or from the previously considered
perturbed MDP’s by merely setting ε = 0 in pε(j|i,a) as defined earlier



3.3 HCP in the Frequency Space of the Discounted MDP 57

and, as usual, by setting

r(i,a) =
{

1 if i = 1, a ∈ A(1)
0 otherwise.

For any f ∈ F the expected discounted reward vβ(i,f) is now defined
as in Section 1.4. The analysis in [32] is based on the following obser-
vation. Let im denote the state/node visited at stage m, then an alter-
native probabilistic expression for the discounted reward starting from
node 1 is

vβ(1,f) =
∞∑

m=0

βmP f
1 (im = 1), (3.8)

where P f
1 (·) denotes the probability measure induced by f and the

initial state i0 = 1, and

P f
1 (im = 1) =

1
m!

[
∂m

∂βm
(vβ(1,f))

]
β=0

. (3.9)

It now follows immediately from (3.8) that if a policy f traces out a
Hamiltonian Cycle, then the home node is visited periodically after N

steps and this results in a deterministic sequence of discounted rewards

1,βN ,β2N , . . . ,βmN , . . . .

The above observations lead to novel characterizations of Hamiltonian
Cycles that are summarized below.

Theorem 3.8. With the embedding in Γβ described above the follow-
ing statements are equivalent:

(i) A policy f is deterministic and a Hamiltonian Cycle in G.
(ii) A policy f is stationary and a Hamiltonian Cycle in G.
(iii) A policy f is deterministic and vβ(1,f) = (1 − βN )−1 for at

least one β ∈ (0,1).
(iv) A policy f is stationary and vβ(1,f) = (1 − βN )−1 for 2N −

1 distinct discount factors βk ∈ (0,1); k = 1,2, . . . ,2N − 1.

The above characterization naturally leads to a number of math-
ematical programming formulations of both HCP and TSP that are
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described in [32]. There is clearly a need to explore the algorithmic
potential of these formulations. However, the remainder of the section
is devoted to a discussion that complements the developments of the
preceding sections.

3.3.1 Frequency Space of Γβ

We shall undertake the analysis of the Hamiltonian Cycle Problem in
the “frequency space” of the perturbed process Γβ .

The discounted frequency space, Xβ := {x(f)|f ∈ F} (induced by
stationary policies) consists of vectors x(f) whose entries are discounted
frequencies of the state-action pairs (i,a) ∈ A(i) defined by

xia(f) := {γ[(I − βP (f))−1]}if(i,a), (3.10)

where the probability vector γ denotes the initial state distribution
vector. Since, we want the latter to either correspond to starting in the
home node with certainty, or near certainty, we shall consider a specially
structured initial distribution. Namely, for µ ∈

(
0, 1

N

)
we define

γi =
{

1 − (N − 1)µ: if i = 1
µ: otherwise.

The discounted frequency of the state i is defined as the aggregate

xi(f) :=
∑

a∈A(i)

xia(f).

The construction of x in (3.10) defines a map M of the strategy space
FS into IRm by

M(f) := x(f).

It is well known (e.g., see [38]) that for µ > 0 map M is invertible and
its inverse M−1 is defined by

M−1(x)[i,a] = fx(i,a) :=
xia

xi
.

Now, part (iii) of Theorem 3.8 can be generalized somewhat for the case
of an initial state distribution γ with µ > 0 and “sufficiently small.”
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Namely, when f ∈ F is Hamiltonian then

vβ(1,f) = κ(β,µ,N) :=
(1 − (N − 1)µ)(1 − β) + µ(β − βN )

(1 − β)(1 − βN )
.

Note that when µ = 0, the above reduces to vβ(1,f) = (1 − βN )−1.
This proposition together with the standard conversion of a dis-

counted MDP to a linear program (e.g., see [43, 42, 45, 46] and [38])
suggests Hamiltonian Cycles can be sought among the extreme points
of the following subset of the (discounted) frequency space X(β) that is
defined by the linear constraints:

N∑
i=1

∑
a∈A(i)

(δij − βp(j|i,a))xia = γj , ∀ j ∈ S. (3.11)

xia ≥ 0, ∀ i ∈ S,a ∈ A(i). (3.12)

Consider also the additional constraint∑
a∈A(1)

x1a = κ(β,µ,N). (3.13)

Let Fβ = {x| x satisfies constraints (3.11)–(3.13)}. It is well known
that (when µ > 0) every extreme point of X(β) corresponds to a deter-
ministic policy via the transformations M and M−1 introduced above.
Hence, these extreme points must contain exactly N positive entries
(one for each node). However, the additional constraint (3.12) in Fβ

could introduce one more positive entry in its extreme points.
Let xe be an extreme point of Fβ. It turns out that if it contains

exactly N positive entries, then f = M−1(xe) is a Hamiltonian policy.
However, if xe contains N + 1 positive entries, then f = M−1(xe) is a
randomized policy that is “nearly” a deterministic policy in the sense
that a randomization occurs only in one state/node and on only two
actions/arcs.

Since finding an extreme point of Fβ that corresponds to a determin-
istic policy solves the HCP it is important to understand the structure
of these “nearly” deterministic extreme points as they are the ones
preventing a trivial solution to the HCP.
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The next result, proved in Ejov et al. [25], shows that these nearly-
deterministic policies must always be convex combinations of short
cycle and noose cycle policies.

Theorem 3.9. Let an extreme point xe of Fβ induce a randomized
policy fα via the transformation fα = M−1(xe). Then, the policy fα is
a convex combination of a short cycle policy and a noose cycle policy.
That is, fα = αf1 + (1 − α)f2, where f1 ∈

⋃N−1
k=2 C1

k and f2 ∈ Nc. Fur-
thermore, f1 and f2 select the same arc at each node, other than at the
single node where the randomization occurs.

Remark 3.6. The above result raises hope that LP-simplex type
methods could be developed to find a Hamiltonian Cycle by find-
ing a nonrandomized extreme point of the polytope Fβ. This is
because it is now evident that nearly-deterministic extreme points
of Fβ must be of a rather specialized type to satisfy the additional
constraint (3.13).

3.4 Branch and Fix Methods in the Frequency Space

Theorems 3.8 and 3.9 and properties of extreme points of X(β) sug-
gest that one way to search for Hamiltonian Cycles of a graph G is
to prevent randomizations from occurring on certain arcs. The lat-
ter can be achieved by branching at certain nodes in such a way that
pairs of arcs that could have been used as “bridges” for randomizations
are replaced by single-arc sub-graphs branching from the correspond-
ing nodes. This was first observed in Filar and Lasserre [36] and also
used as part of a heuristic in the interior-point method discussed in
Section 3.2.

Note that, since our ultimate goal is to find an extreme point xe ∈
Fβ such that

f = M−1(xe) ∈ D

we have a number of degrees of freedom in designing an algorithm. In
particular, different linear objective functions can be chosen at each
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stage of the algorithm, the parameter β ∈ (0,1) can be adjusted and
µ ∈ (0,1/N) can be chosen small but not so small as to cause numerical
difficulties.

The logical structure of the “Branch and Fix” (B&F, for short)
algorithm presented in Ejov et al. [25] is as follows. A sequence of
linear programs is solved — two at each node of the B&F “tree” —
with the generic structure:

minL(x) (†)
subject to

x ∈ Fβ,

additional constraints, if any, on arcs fixed earlier.

Step 1 — Initiation. Solve the original LP (†) without any additional
constraints and with some choice of the objective function L(x). Let x0

be an optimal basic feasible solution obtained. Find f0 := M−1(x0). If
f0 ∈ D; stop, the policy f0 identifies a Hamiltonian Cycle.

Step 2 — Branching. Use the nearly-deterministic policy f0 to iden-
tify a node i and two arcs (i, j1) and (i, j2) corresponding to the single
randomization in f0. If there are d arcs {(i,a1), . . . ,(i,ad)} emanating
from node i, construct subgraphs: G1,G2, . . . ,Gd, where in Gk the arc
(i,ak) is the only arc emanating from node i. These graphs are identi-
cal to the “parent” graph G at all other nodes. Note that this process
“fixes” an arc in each Gk.

Step 3 — Fixing. It turns out that in many graphs fixing one arc
implies that other arcs can also be fixed.1 A number of simple checks
for determining additional arcs that can be fixed are described later in
this section.

Step 4 — Iteration. Repeat Step 1 with the LP (†) constructed for
the graph at the current node. Note that this node may correspond to
G1,G2, . . . ,Gd, or to a sub-graph constructed from one of these with the
help of additional arc fixing.2 Infeasibility, or failure to attain certain

1 For instance, this frequently happens in the case of cubic graphs that supplied many of

our test examples.
2 As is typical with B&B methods, the decisions guiding which branch to select first are

important and open to alternative heuristics.
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bounds, implies that this branch can be fathomed and thus discarded
in subsequent iterations.

Remark 3.7. From the more detailed description of the algorithm pre-
sented in [25] it can be seen that adaptive bounds are derived that are
also used to fathom branches of the B&F “tree.” However, it appears
that infeasibility due to arc fixing contributes more to the “pruning” of
this tree than failure to attain these bounds. Hence the name “Branch
and Fix” seems more appropriate than the more standard “Branch and
Bound.”

3.4.1 Arc Fixing Checks

In [25] it was found that in many test problems there are a number
of logical checks that enable us to fix additional arcs once a decision
is taken to fix one particular arc. This is a consequence of the fact
that when there are nodes with low in/out-degrees, fixing one arc may
have immediate implications on what arcs go in (or out of some other
nodes). This is best illustrated with the help of an example.

Consider the simple 6-node cubic “envelope” graph. The figure
below shows the kind of logical additional arc fixing that can arise.

Check 1: Consider the first figure. So far, the only fixed arcs are (1,2)
and (6,3). As the only arcs that can go to node 5 are (1,5), (4,5), and
(6,5), we must fix arc (4,5) as nodes 1 and 6 already have fixed arcs
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going elsewhere. In general, if there is only one arc still available to go
to a node, it must be fixed.

Check 2: Consider the second figure. So far, the only fixed arcs are
(1,2) and (5,6). The only arcs left going to node 5 are (4,5) and (6,5),
but we cannot choose (6,5) as this will create a short cycle, so we must
fix arc (4,5). In general, if there are only two arcs available to go to a
node, and one will create a loop, we must fix the other one.

Check 3: Consider the third figure. So far, the only fixed arcs are (1,2)
and (2,3). As the only arcs that can come from node 6 are (6,2), (6,3),
and (6,5), we must fix arc (6,5) as nodes 2 and 3 already have arcs
going into them. In general, there is only one arc still available to come
from a node, it must be fixed.

Check 4: Consider the fourth figure. So far, the only fixed arcs are
(1,2) and (3,6). The only arcs left coming from node 6 are (6,3) and
(6,5), but we cannot choose (6,3) as this will create a small cycle, so
we must fix arc (6,5). In general, if there are only two arcs available to
come from a node, and one will create a loop, the other one must be
fixed.

3.4.2 Numerical Results

The above algorithm was implemented in [25] in MATLAB (version
7.0.1.24704) and used CPLEX (version 9.0.0) to solve all the linear
programming sub-problems. The algorithm was tested on a range of
relatively small graphs. The results reported were encouraging. The
number of branches required to solve each of these problems was only
a tiny fraction of the maximum possible number of branches.

For example, a 24-node cubic graph has 324 ≈ 2 × 1011 possible
choices for deterministic policies, but typically, the above algorithm
finds a HC by examining only some 400 branches. Hamiltonian graphs
perform better than non-Hamiltonian graphs. However, even in non-
Hamiltonian graphs the algorithm performs rather well. For instance,
a 28-node non-Hamiltonian graph has 328 ≈ 2 × 1013 possible choices
for deterministic policies, but the algorithm terminated after only 41268
branches.
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Table 3.4 Preliminary results for the refined branch-and-bound method.

Graph Branches Upper bound Time

Hamiltonian N = 24 394 2.8243 × 1011 0:04
Dodecahedron: Hamiltonian N = 38 65 1.3509 × 1018 0:01

8 × 8 Chessboard problem: Hamiltonian N = 64 1097 9.1654 × 1043 0:38

Petersen: non-Hamiltonian N = 10 154 5.9049 × 104 0:01
Coxeter: non-Hamiltonian N = 28 41268 2.2877 × 1013 8:23

Nonetheless, in general, non-Hamiltonian graphs tended to require
more branches to solve than Hamiltonian graphs of the same size.
This could be explained by the fact that a Hamiltonian graph will
end branching immediately when a HC is found. The latter does not
happen in non-Hamiltonian graphs.

Some results reported in [25] can be seen in Table 3.4. These include
a comparison between the number of branches used by the algorithm
and the maximum possible number of branches (upper bound) and the
running time in seconds.

3.5 A Fast Heuristic

The results described in the preceding section stimulated a search for
a faster heuristic based on the embedding in a discounted MDP. In
particular, the “cut” frequency space Fβ can be constrained further,
to define a “boxed-cut-frequency space” Fb

β defined by the linear con-
straints as shown in Table 3.5.

N∑
i=1

∑
a∈A(i)

(δij − βp(j|i,a))xia = δ1j(1 − βN ), ∀ j ∈ S, (3.14)

∑
a∈A(1)

x1a = 1, (3.15)

∑
a∈A(i)

xia ≥ βN−1 ∀ i 6= 1, (3.16)

∑
a∈A(i)

xia ≤ β ∀ i 6= 1, (3.17)

xia ≥ 0, ∀ i ∈ S,a ∈ A(i). (3.18)

The reader will note that in the above constraints the new xia’s are
merely the old xia’s, from Fβ multiplied by a scaling factor of (1 − βN ).
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Table 3.5 Preliminary results for the boxed-cut-frequency heuristic.

Graph Time

8 × 8 Knight’s Tour problem (64 nodes, 336 arcs) 1 second
Perturbed Horton Graph (94 nodes, 282 arcs) 2 seconds

20 × 20 Knight’s Tour Problem (400 nodes, 2736 arcs) 11 minutes

1000-node Heidelberg Graph (1000 nodes, 3996 arcs) 24 minutes
2000-node Heidelberg Graph (2000 nodes, 7992 arcs) 46 hours

Furthermore, the parameter µ in Fβ has been set to 0, as the constraints
(3.15) and (3.16) already ensure that there will at least one arc, at each
node, corresponding to a positive xia, so that the map M−1 is well
defined. Finally, the “box constraints” (3.16) and (3.17) can be made
extremely narrow by choosing β sufficiently near 1.

Of course, as usual, the additional “complementarity constraint”

xiaxib = 0; ∀ i ∈ S, a 6= b ∈ A(i) (3.19)

must be satisfied by a feasible point x ∈ Fb
β for fx = M−1(x) to be

Hamiltonian.
One heuristic that was recently experimented with, by the present

author and his associates, simply searches for a feasible solution of
(3.14)–(3.18) and (3.19) and uses a sophisticated simplex-based plat-
form such as ILOG’s OPL-CPLEX. Effectively, this delegates the
branching needed to satisfy (3.19) to OPL-CPLEX but the user retains
the flexibility of choosing β and a linear objective function. In particu-
lar, a choice of β seems to strongly influence the numerical performance.

Preliminary results outperformed all previous algorithmic
approaches based on the MDP embedding in the sense that big-
ger graphs were solved faster. In particular, two well known “difficult”
graphs, listed on the University of Heidelberg’s web site3 were suc-
cessfully solved even though the larger, 2000 node problem, took
approximately 46 hours to find a Hamiltonian Cycle. On the other
hand, the smaller, 1000 node problem, was solved in only 24 minutes
even though both the interior-point heuristic of Section 3.2 and the
B&F algorithm of Section 3.4 both failed to solve this example.

3 See: www.iwr.uni-heidelberg.de/groups/comopt/software/TSPLIB95/.
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Open Problems. More generally, there are whole classes of recent
algorithmic developments in the field of global optimization that are
ripe for application to this challenging problem. Prominent among these
are the algorithms for global optimization and discrete problems based
on methods for local optimization that were recently pioneered by Mur-
ray and Ng (e.g., see [56] and [57]). Conceptually, some of these con-
tinuation methods seem ideally suited to our problem because they
also embed a discrete optimization problem in a continuous one. Fur-
thermore, the “cutting-angle” algorithms demand further exploration.
Indeed, preliminary experimentation with these approaches yielded
promising results that are described in Andramanov et al. [7]. Even
though these results were not competitive with the heuristics in [24] or
[25], it is likely that the latest versions of the cutting angle methods
would perform better, especially if the starting points were well chosen.
We refer the reader to some of the works of A. Rubinov, and L. Batten
and their respective collaborators (e.g., see [8], [11] and [12]). Finally,
we note that all the mathematical programming methods experimented
with so far were essentially “primal methods.” The corresponding dual
problems and “dual methods,” to the best of this author’s knowledge,
remain unexplored.
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Spectral Properties, Spin-offs,
and Speculation

4.1 Introduction

One benefit of investigating a difficult problem such as the HCP is that
these investigations lead to deeper understanding of related phenomena
that may have intrinsic interest in their own right. Hence it is not
surprising that, the line of research described in this survey has had
some spin-offs that are, perhaps, worthy of an explicit mention.

The most natural of these is related to the relationship of a graph G

with the spectra of matrices that contain all the pertinent information
about that graph. In particular, recall that the adjacency matrix A of an
N node graph is simply the N × N matrix with 1’s in all ij-entries that
correspond to arcs (i, j) present in G and with 0’s in all other entries.

It is clear that A contains all the information about the graph G

and since the spectrum of a matrix contains a lot of essential informa-
tion about that matrix, it is natural to ask whether it is possible to
differentiate between Hamiltonian and non-Hamiltonian graphs on the
basis of the spectra of their respective adjacency matrices?

Regrettably, the answer to the above question is negative. For
instance, in Filar et al. [34] an example is given of two, cubic, connected,
co-spectral graphs where one is Hamiltonian and the other is not.

67
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Nonetheless, there is a strong temptation to exploit spectral prop-
erties of adjacency matrices because of the following, now classical,
theorem of Fröbenius (which is described in a more general form in
Varga [67]). It concerns cyclic connected graphs. More precisely, we
shall say that a connected graph is called cyclic of index k if its adja-
cency matrix has k > 1 eigenvalues λj that satisfy |λj | = maxi |λi| for
j = 0,1, . . . ,k − 1.

Theorem 4.1. Consider a connected cyclic graph of index k and let
λ0,λ1, . . . ,λk−1 be those eigenvalues of its adjacency matrix that satisfy
|λj | = maxi |λi|. These k eigenvalues are the roots of

λk −
(
max

i
|λi|
)k = 0.

Specializing the above to our particular problem we note that a Hamil-
tonian Cycle is a subgraph of a given graph with all the original N

vertices and only N selected arcs. Since a Hamiltonian Cycle will enter
and leave each vertex exactly once, each row and column of the adja-
cency matrix for a Hamiltonian Cycle will contain exactly one entry of
“1,” and all the rest are zeroes. The following result, that can be seen
as a corollary of Fröbenius’s theorem, is proved in Ejov et al. [30] but
can also be found in other sources.

Corollary 4.1. An N × N permutation matrix is the adjacency
matrix of some Hamiltonian cyclic graph on N vertices if and only
if its characteristic polynomial is λN − 1.

In Ejov et al. [30] Corollary 4.1 was exploited as a basis of an algebraic
method to determine whether a given graph is Hamiltonian. To do so,
in place of an adjacency matrix a probability transition matrix P (f)
for f ∈ F was used. Thus instead of 0–1 an entry f(i, j) signifies a
probability of choosing an arc (i, j) ∈ A(i) at node i, under a policy f ,
as has been done throughout this survey.

The problem, as always, is to choose values of f(i, j)s to form a
Hamiltonian Cycle within the graph, if at all possible. Thus, it is
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now reasonable to believe (and was, indeed, established in [30]) that a
Hamiltonian Cycle is equivalent to the solution of the system of poly-
nomial equations

f(i, j)(1 − f(i, j)) = 0, for all (i, j) ∈ A,∑
j f(i, j) − 1 = 0, for all i,∑
i f(i, j) − 1 = 0, for all j,

det(λI − P (f)) − λN + 1 = 0.

, (4.1)

where the last equation is interpreted as a system of equations obtained
by equating the coefficients of all powers of λ to 0. If this system of
polynomial equations has no solution, then the graph does not have a
Hamiltonian Cycle.

A powerful method for solving systems of polynomial equations uses
the technique of Gröbner bases, as applied using Buchberger’s algo-
rithm (e.g., see [3]). The technique transforms a system of polynomial
equations into a “canonical” form which is much easier to solve. One
important detail is related to Hilbert’s Nullstellensatz, which states
that a system of polynomial equations has no solution if its Gröbner
basis is {1}. Thus the Gröbner basis method provides an algebraic check
on whether a graph is Hamiltonian or not.

However, we should note that in general the computational com-
plexity of solving a system of polynomial equations via Gröbner bases
is at least exponential (e.g., see [22, 51]).

Open Problem. The question of whether Buchberger’s algorithm can
be speeded up in the particular case of equations (4.1) is one that,
perhaps, deserves further investigations.

Finally, we mention that the perturbation methods discussed in
Parts I–III of this survey influenced some developments in general the-
ories of perturbations of Markov Decision Processes and linear opera-
tors; see for instance Abbad et al. [1, 2] and Avrachenkov et al. [9, 10].

4.2 Fractal-like Structure of Regular Graphs

In view of the above and the discussion in Section 2.2 it is still not
clear whether spectral properties can make quantum difference to the
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analysis of the Hamiltonian Cycle Problem. However, recent results
reported in Ejov et al. [31] reveal a spectral structure of regular graphs
that is interesting in its own right and may lead to further insights con-
cerning what is special about non-Hamiltonian regular graphs.1 This
section describes these latest results.

For the sake of simplicity we will pay attention mainly to cubic
graphs (or, in other words, to regular graphs of degree d = 3). This
assumption is not restrictive since all our considerations remain valid
for regular graphs of degree d > 3 with obvious minor modifications.
Moreover, in a certain sense cubic graphs are the generic regular graphs
(e.g., see Greenlaw and Petreschi [40]).

So let us consider the set of all regular cubic graphs with n vertices.
They can be conveniently enumerated using the GENREG program of
Meringer [54]. Each graph is completely determined by its adjacency
matrix, which is symmetric.

Motivated by our interest in Markov chains, we replace the adja-
cency matrix A by the related doubly stochastic matrix 1

3A. The theory
of Markov chains then states that the probability of being at the jth
vertex after a walk of length i in the graph with each edge equally likely
to be chosen is the jth element of the vector uT

(
1
3A
)i, where the kth

element of the vector u is the probability of starting at the kth vertex.
The spectrum (the set of eigenvalues) of 1

3A is real and lies on
the segment [−1,1]. We take the exponential of the eigenvalues before
finding their sample mean and variance.

Summarizing, the following procedure is applied. For a fixed even n

adjacency matrices of all regular cubic graphs on n vertices are found.
In each case, divide the adjacency matrix by three, find its eigenval-
ues, take their exponential, and then find their sample mean and vari-
ance. Each cubic graph is then represented by a single dot on a plot of
mean versus variance. Thus, we can think of such a dot as a Cartesian
“address” of a cubic graph.

Figure 4.1 shows the results of applying this procedure with n =
8,10,12,14,16,18, where the number of regular cubic graphs in each
case is 5,19,85,509,4060,41301, respectively.

1 Recall that regular graphs are those with a constant in(out)-degree at each node.
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Fig. 4.1 Plots of mean versus variance for the exponential of the eigenvalues of the doubly

stochastic matrices associated with all regular cubic graphs with various numbers of vertices.
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There appears to be a very definite structure in these plots. In
each case the data appear in distinct clusters that at this scale look
somewhat like straight line segments with roughly the same slope and
distance separating them. An adjective multifilar defined as “having
threads across the field of view” seems appropriate to describe this
structure.

An even greater level of structure exists within each thread. In Ejov
et al. [31] it is demonstrated that zooming in on each of the thread-like
objects reveals that it too is made up of similar, smaller, sub-threads of
approximately straight line segments, all roughly parallel and the same
distance apart, with a steeper slope than the original one.

Since a fractal is defined as a self-similar image, where the same
structure is evident when magnifying one part of the image, we see
that cubic graphs — or, more precisely, their spectra — enjoy a fractal
structure, when expressed in this manner. The larger the number of
vertices, the more levels of magnification can be undertaken before
the number of data points becomes small enough for the self-similar
structure to be lost.

In [31] it is also noted that this behavior is not limited to cubic
graphs. Plots for quartic graphs (every vertex of degree four) show the
same structure. Remarkably, the famous Ihara-Selberg trace formula
justifies the presence of such a fractal structure for regular graphs of
arbitrary degree d.

In particular, one very explicit version of the Ihara-Selberg trace
formula (due to Mnëv [55], Equation (30)) leads to the following inter-
pretation. For any regular graph G of degree d = q + 1 on n vertices
we have

1
n

n∑
i=1

etλi =
q + 1
2π

∫ 2
√

q

−2
√

q
est

√
4q − s2

(q + 1)2 − s2
ds

+
1
n

∑
γ

∞∑
k=1

`(γ)
2k`(γ)/2

Ik`(γ)(2
√

qt). (4.2)

In the above, {λ1, . . . ,λn} is the spectrum of the adjacency matrix of
G, γ runs over the set of all primitive closed geodesics. A geodesic is a
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closed path of minimal length in its free homotopy class. A geodesic is
called primitive if it is not a multiple of shorter closed geodesics in G.
Also, `(γ) is the length of γ, and Im(z) is the standard notation for the
Bessel function of the first kind:

Im(z) =
∞∑

r=0

(z/2)n+2r

r!(n + r)!
.

All lengths `(γ) are integers greater or equal to 3. Let us denote
by n` the number of primitive closed geodesics of length ` in the
graph G. The numbers n` are called the multiplicities of the length
spectrum of the graph G. Thus the set {n3,n4, . . .} provides a con-
venient way of describing the length spectrum of the graph G, that
is, the set of lengths of primitive closed geodesics counted with
multiplicities.

Now we rewrite Equation (4.2) in terms of the multiplicities n`

(since we consider in detail only the case of cubic graphs, we also put
q = 2):

1
n

n∑
i=1

etλi = J(t) +
1
n

∞∑
`=3

`n`F`(t), (4.3)

where

J(t) =
3
2π

2
√

2∫
−2
√

2

est

√
8 − s2

9 − s2
ds,

and

F`(t) =
∞∑

k=1

Ik`(2
√

2t)
2k`/2

.

The closed form expressions for the sample mean µ and variance σ can
now be easily extracted from (4.3). Precisely, we have

µ =
1
n

n∑
i=1

e
λi
3 = J(1/3) +

1
n

∞∑
`=3

`n`F`(1/3), (4.4)
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and2

σ =
1
n

n∑
i=1

(
e

λi
3 − µ

)2
=

1
n

n∑
i=1

(
e

2λi
3

)
− µ2

= J

(
2
3

)
+

1
n

n∑
`=3

`n`F`

(
2
3

)
− µ2. (4.5)

Substituting (4.4) into the last formula and neglecting quadratic terms
in F` that are small, we obtain

σ ≈

(
J

(
2
3

)
− J

(
1
3

)2
)

+
2
n

n∑
`=1

`n`

(
F`

(
2
3

)
− 2J

(
1
3

)
F`

(
1
3

))
.

(4.6)

Open Problem. Since every cubic (indeed, every regular) graph now
has a 2-coordinate “address” in the multifilar structure presented above
a natural question to pose is: Is there something special about these
addresses, in the case of, the less common, non-Hamiltonian graphs?
A preliminary investigation by the present author indicated that a
“great majority” of non-Hamiltonian graphs reside at the tips of the
threads in the multifilar structure. However, there were some exceptions
where non-Hamiltonian graphs reside in the midst of many Hamilto-
nian graphs. What, if anything, is special about such “camouflaged”
non-Hamiltonian graphs?

4.3 Conclusions and Some Speculative Comments

We have seen that the technique of embedding the Hamiltonian Cycle
Problem in a Markov Decision Process has opened up many analytical
approaches to this discrete mathematics problem. These included

(a) Convexification of the domain into either a policy (transition
matrix) space, or a frequency space,

2 It should be mentioned that the plots in Figure 4.1 are constructed using the unbiased

variance sf2
n−1 = 1

n−1

Pn
i=1

�
eλi/3 − µ

�2
. In order to make formulas simpler, we consider

here the variance s2
n = 1

n

Pn
i=1

�
eλi/3 − µ

�2
. The difference is insignificant, especially for

large enough n.
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(b) Exploitation of properties of optimization problems formu-
lated in these spaces including interior point methods,

(c) Exploitation of distributional properties of random variables
(such as first return times) related to stochastic processes
induced by the embedding,

(d) Spectral analysis techniques,
(e) Exploitation of perturbation/parametric analysis of related

problems.

It may be worthwhile to make a few additional, albeit speculative,
comments about the last point above. In the majority of the approaches
discussed above, the dependence of the problem on the perturbation
parameter ε > 0, or the discount factor β ∈ (0,1) played an important
role. Crucially, we note that the asymptotic behavior as ε ↓ 0, or as
β ↑ 1 exhibited the presence of singularities.

It is the present author’s belief that the underlying difficulty of the
HCP can be understood to a much greater degree by a deeper under-
standing of the asymptotic behavior of the key matrices of Markov
Decision Process and of their eigenvalues in the neighborhood of these
singularities. Arguably, even the essence of the famous P 6= NP con-
jecture may be related to this asymptotic behavior.

Furthermore, it is probably not a coincidence, that there exist cer-
tain connections between these two asymptotic behaviors: as ε ↓ 0 and
as β ↑ 1. In particular, recall the important role played by the funda-
mental matrix G(f) induced by a policy f ∈ F . A rarely used property
of fundamental matrices (e.g., see Blackwell [13]) implies that

Gε(f) = lim
β→1

[I − β(Pε(f) − P ∗ε (f))]−1 (4.7)

= lim
β→1

[
(I − βPε(f))−1 − β

1 − β
P ∗ε (f)

]
. (4.8)

Thus all results in Part II of this survey that were proved for “ε suf-
ficiently small” and concerned an objective function derived from ele-
ments of G(f) were really statements concerning the iterated limit

lim
ε→0

lim
β→1

[U(ε,β,f)] = lim
ε→0

lim
β→1

[I − β(Pε(f) − P ∗ε (f))]−1, (4.9)
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where

U(ε,β,f) := [I − β(Pε(f) − P ∗ε (f))]−1

=
[
(I − βPε(f))−1 − β

1 − β
P ∗ε (f)

]
. (4.10)

The matrix U(ε,β,f) is especially interesting because of the second
equality in (4.10). That equality shows that U(ε,β,f) is determined by
a linear combination of the resolvent-type matrix (I − βPε(f))−1 that
plays a key role in the discounted Markov Decision Process and the sta-
tionary distribution matrix P ∗ε (f) that plays a similar role in the long-
run average Markov Decision Process. Furthermore, these two matrices
are connected by a Tauberian type result (e.g., see Blackwell [13]) that
states that for each fixed ε > 0

lim
β→1

(1 − β)(I − βPε(f))−1 = P ∗ε (f). (4.11)

In Ejov et al. [28] the rather strong irreducibility conditions were shown
to be necessary and sufficient for the interchange of the iterated limits
of U(ε,β,f), namely for the equality

lim
β→1

lim
ε→0

[U(ε,β,f)] = lim
ε→0

lim
β→1

[U(ε,β,f)]. (4.12)

However, from the point of view of understanding Hamiltonicity of
a graph, perhaps, it is more important to find an appropriate way for
β → 1 as a function of ε→ 0 to ensure that U(ε,β,f) can be used as a
basis of a suitable approximation to the fundamental matrix G(f) for
all f either in F or in DS.

Open Problems

(a) Is it possible to use U(ε,β,f) to approximate (RP) of Sec-
tion 2.1 by a mathematical program (of lower theoretical
complexity) whose objective function value at minimum is
so close to that of (RP) as to differentiate between a Hamil-
tonian and a non-Hamiltonian graph? This may be possible
over the space DS. Recall that for any ε > 0 the stationary
distribution matrix is simply P ∗ε (f) = (1/N)J , where J is a
matrix with a 1 in every entry.



4.3 Conclusions and Some Speculative Comments 77

(b) Another speculative question is whether advantage can be
taken of results from the rich fields of statistics and infor-
mation theory to bring to bear on these stochastic embed-
dings of discrete mathematics problems? After all, once we
become interested in problems such as minimizing a vari-
ance of a random variable, sampling schemes ought to be
relevant. Furthermore, the recurrent problem of finding a
deterministic policy with certain properties refers to “least
randomized” policies where the degree of randomization can
be captured with entropy/information type functionals. We
recall here some conceptual similarities with the emerging
topic of “cross-entropy” methods [63, 64].
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